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Integrability

Classical mechanics, XIX century,
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Evolution: H energy
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Complete integrability: H 4+ (n—1) integrals of motion
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Angle-Action variables
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Korteweg de Vries equation
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Method of inverse scattering

1967
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Complete integrability

1971
Action variables

p(k) = gln(l = [r(VNI%), A

Angle variables

(k) = argr(k), 0

P=Y )+ /OOO Ap(A\)dA
H=3 (=32 + [ " X*/2p(3)ax

solitons < particles



Further development

70-ties, numerous examples, continuous or discrete space
variables NS, Toda, SG etc

Finite interval, periodic conditions = elliptic functions

Sine-Gordon

m2 ]
wtt—wxaz+75mw= 0

Relativistic model
Solitons — new particles

Breathers — their bound states

Duality weak—strong ~ < 1
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Quantization, first quasiclassical, then from 1979 quan-
tum

Algebraic Bethe Ansatz: Sklyanin, Takhtajan, Korepin,
Izergin, Kulish, Semenov-Tian-Shansky, Reshetikhin



Heisenberg spin 1/2 XXX chain

Sp = (37117 37217 37%)
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Ferromagnet J < 0O

Degenerate ground state,
1
Eqg=—-JN
4

€2 = spins up

1
$3=%"s2 S3Q= SNJQ
n

N — oo symmetry breaking
Excitations: magnons and bound states



Antiferromagnet J > 0O

one vacuum; “Dirac sea”
Excitations: spin 1/2 spinons

No symmetry breaking

Instructive examples in QFT
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Quantum realization of the Inverse Scattering Method

Ln()\):< +_|7f9n zsf,,j3> st =sk 452

18n A — 185,

Block matrix or 4 x 4 matrix in C2 ® C?

Lp(X) ~ ;Nz

FCR: RO\ — w)Ly(WLa (k) = La(M L () RO — p)
R(\) ~ X

> = <

(C2®(C2®(C2
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o= = im0 = (48] 20

RO\ — )M (A\)M?(p) = M2(A\)M(u) RO — )
Ty(A) = tr M(\) = A(\) + D(N)
[T (M), Ty ()] = 0

Generating function for the set of N — 1 independent
operators

Together with S3 complete set of commutating con-
served quantities
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Generalizations

1. Higher spin
2. Anisotropy XYZ

_ 1 >
H=> (J'spshiq+ J%sasai1J snsm 1)
J1 = Jo, XXZ

3. Other groups and/or representations

4. Lattice spacing A

5. Inhomogenous chain Ly (M) — Lp(X\ — A\p)
In particular alternating Ap = —A, 41

All known integrable models are different limits — uni-
versality of spin chains
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Higher spin XXZ

Kulish-Reshetikhin
Sinyss3
sin ~y

(s, 0] =

Quantum groups

FCR history:

1. factorized scattering

Berezin, Yang, Brezin—Zinn-Justin

2. Boltzman weight in 2-dim. model of classical sta-

tistical physics Onzager, Lieb, Baxter

Yang-Baxter relation
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Beautiful universal picture

Unification of several apparently different subjects in
MPh

2-dim.: spinons, quatum computers, quantum optics
However recently new signatures of integrability in 4-

dim QFT
1. Reggerization ( ), SL(2) spin - 1
2. , anomalous dimensions in N = 4

SYM, connection with Maldacena duality

Lot of people,
. ...See J. Phys A special volume

3. Vacua in supersymmetrical topological FT

New life of integrability
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