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Quantum Inverse Scattering
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Inverse scattering problems

Inverse scattering: find potential from scattering data

All physics is inverse scattering:
Newton's law
Rutherford’s experiment
Watson & Crick double helix
Direct scattering: given potential (forces) find scattering data

Inverse scattering: given scattering data find forces
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1-dimensional quantum mechanics on the half-line
Schrodinger operator: bu=—u + qu
self-adjoint Hamiltonian: (A, m etc. scaled out)
fu=—u +qu and boundary condition w(0) =0

g(x) potential x>0

q(x)wp(f;—;” r—0 p>1

u(z) ~ xP regular solution

u(x) ~ 1P  singular solution
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Figu re 1: The singular potential ¢(z)
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Three solutions of the fu = k?u  Schrodinger equation:

o(x, k) ~ xP r— 0 physical solution
bz, k) ~ x'~P r— 0 singular solution
flz, k) ~e*® x5 oo Jost solution

fo(x, k) = flz, —Fk)

Jost function f(k):

f(x,k) = f(k)g(a, k) + f(k)o(z, k)

d(w,k) = g {f (k) f(z, k) — f(k) f(z, —k)}
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Figure 2: The singular potential q(x) and the regular wave function ¢(x, k) at £ = 1.5

The constant total energy is also shown.
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phase shift §(k): |
f(k) = |f(k)le™*®

S-“matrix’:

—k )
S(k) — f]g(k)) — 62 o (k)

asymptotics of the physical solution:

¢(CB,]€) o _2p—1 (]C) {e—ik:c o S(k)ezkaz}

21k

~ sin |kx + §(k)]
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(Solvable) example

q(z) = szﬁg(lx))

change of variables:

u(z) = ™ F(2) 2=l

hypergeometric equation:

/!

(1= 2)F (2)+[c—(a+b+1)2]F (2) — abF(z) = 0

a=7p b=1—0p c=1+:1k

hypergeometric function: oFy(a,b,c;z)
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physical solution:

d(z, k) =55 (1 — e 2%) ™3 F (p,p — ik, 2p; 1 — e™*7)

Jost solution:

fla k) = (1 —e 2 &%y (p,p — ik, 1 — ik;e~2)

Jost function:

1 T(1—ik)[(2p—1)
f(k) = op—1 F(p)F(p—fk)

S-matrix:

_ T(14ik)D(p—ik
S(k) = r(1—z’k)rg;+z‘k§
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high energy asymptotics:

S(k)=T(1—p)— D+ ...
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Inverse scattering in three steps

e step 1: scattering data

F(z) = 52 / h dk e S’ (k)

e step 2: Marchenko equation

oo

Flx+y)+ A(x,y) —I—/ dsA(x,s)F(s+y) =0

xr

e step 3: potential

Q(x) — —Z%A(ZB, 33)
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p = 2 example

e step 1: scattering data

F(x)=—-2e"

e step 2: Marchenko equation
Az, y) = 557

sinh(x)

e step 3: potential

A(x,z) = coth(x) — 1 q(z) = 2L A(z,z) =
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Nucleon potential from first principles
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Modern nucleon-nucleon potential
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quark ?
Bonn: Machleidt, Phys.Rev. C63(‘01)024001

Reid93: Stoks et al., Phys. Rev. C49('94)2950.
AV18: Wiringa et al., Phys.Rev. C51(‘95) 38.
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Potentials in QCD ?

What are “potentials” in quantum field theories such as QCD ?

“Potentials” themselves can NOT be directly measured. analogy: running coupling in QCD

scheme dependent, Unitary transformation

experimental data of scattering phase shifts * potentials, but not unique
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{ mid-range ] _ [ | ‘
/ attraction 2 [ repulsive [ 2n \
40 - - §, 100 - core | o, w, o | T
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B short-range | > i |
20 repulsion 0 |
\_\ Bonn ]
0 \\ L Reido3 1
-100 :
i o | i AV18 rfim]
| l l Lo v v b v b v by v by T
-20 t . - : 0 05 1 15 2 25
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11 ” -
Typ MeV] useful to “understand” physics

analogy: asymptotic freedom

observables such as scattering phase potentials as long as they reproduce

“Potentials” are useful tools to extract . One may adopt a convenient definition of
shift. correct physics of QCD.
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Our strategy in lattice QCD

Full details: Aoki, Hatsuda & Ishii, PTP123(2010)89.

Consider “elastic scattering”

NN - NN  NN=MNMN+others (NN = NN+ NN+ NN, -..)

energy Wi = 24/k2+m3 < Wi =2my + m, Elastic threshold

Quantum Field Theoretical consideration

e S-matrix below inelastic threshold. Unitarity gives q — 621’5
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Step 1

define (Equal-time) Nambu-Bethe-Salpeter (NBS) Wave function

Spin model: Balog et al., 1999/2001

ok(r) = (0|N(x+r,0)N(x,0)|NN, W)

QCD eigen-state
4 ’:.’:;ﬂ :rr" -
’m'v’v'

N(z) = apeq*(2)¢°(2)q¢(z): local operator

“scheme”
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Asymptotic behavior of NBS wave function Lin et al., 2001: CP-PACS, 2004/2005

no interaction

interaction range

r=|r| = o

~— S0{(_>Alsm(/{fr—l7r/2+5l(k))

kr
partial wave

scattering phase shift (phase of the S-matrix by
unitarity) in QCD !

NBS wave function

scattering wave function in quantum mechanics

cf. Luescher’s finite volume method  allowed k at L » 01(kn)
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Step 2

e Define a potential through application of a Schrodinger operator:

12
B, Ve
Vk(r) T P (1)
2
where Ey = % is the kinetic energy. Note the energy dependence of potential!
Step 3

e Solve the Schrodinger equation with this (zero energy) potential in infinite volume to find phase
shifts and possible bound states below the inelastic threshold.
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Qualitative features of NN potential reproduced!

2+1 flavor QCD, spin-singlet potential (PLB712(2012)437)

NN potential

a=0.09fm, L=2.9fm m.. ~ 700 MeV phenomenological potential
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NN potential * phase shift
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It has a reasonable shape. The strength is weaker due to the heavier quark mass.

Need calculations at physical quark mass.
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Problems with the NBS approach

e Dependence of potential on choice of nucleon operator
e Energy dependence of the NBS potential

Possible solutions:

define nonlocal, but energy-independent potential

define the zero-momentum potential

Us(r) = Tim VN5(r)

correctly reproduces scattering lengths, but effective range different
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Sine-Gordon model
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Sine-Gordon model

Very well known: RFT (quantum/classical)

RM (quantum /classical) [alias RS model]

Integrable (solvable) = (almost) everything calculable
spectrum (solitons, anti-solitons, breathers)
S-matrix

Form-factors, correlators, free energy, ...
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Lagrangian (A = c =1 RQFT conventions)

. 2
£ =167 — ¢ + 5 cos(89)

SG coupling 8: (equivalence to Thirring model)

0 < B < V8T B =27 FF point

equations of motion: (KI)Sine-Gordon equation

Oy + pu?sing =0 (p = o)
parameters:
__ 4 1
P= 32 V= 95p—1
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soliton mass:

bound states (breathers):

my, = 2msin (Zvk) k=1,2,---<2p—1

Ruijsenaars-Schneider RQM description: zero-momentum potential

4
sinh?(mva)

Go(T) =
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Sine-Gordon S-matrix

Rapidity parametrization: 0 = 6; — 65

p; = mesinh(6;) E; = mc* cosh(6;) E; = v/(mc2)2 + (pic)?

soliton-soliton S-matrix (no bound states):

(0) = exp {1 [~ desin (20) e |
0

phase shift:

2(0) = ¥ 0(00) = 5(1 = p)
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for integer p explicit:

p—1
Sm—1sinh (0 .
2(0) = H S+ sinhgeg Sm = sin(mvm)
m=1

2-particle scattering

® — D1 P2 <— @
X1 )
initially: p1 > po xo > x1 all times

asymptotic wave function (x5 — 1) — oo:

(I)(xlij) ~ ei(k1a:1-|—k2x2) + S(p1’p2)ei(k2x1—|—k1x2)

ki =5 i=1,2 wave numbers
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Relativistic:

Sr(p1,p2) = —X(61 — 02) 0; = arcsinh (%)
NR Schrodinger equation:

HP = EP H= gt O 2 Uy — 1)

separating COM and relative motion:

(I)(CEl, 5132) = eiK(wl—ch) \IJ(CUQ — 5131)

effective 1-particle Schrodinger equation:

_ U (z) + U(z)¥(z) = %2/432‘11(37)

™m
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total energy:
2 2
E= 202+ 1) = (K> + )

kl = K + K k2 =K — K
asymptotic wave function:

U(z) ~ —A(k)e"™™ 4 e~ T — 00
NR S-matrix:

Snr(p1,p2) = —A (Pg#2) = =5 (B22)

mec

rescaling between physics <— maths conventions:

A(k) = S(2kL) L =- Compton length

mc
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|dentification?

SNr(P1,p2) ~ Sr(p1,p2)

S (M) ~ (arcsinh (%) — arcsinh (%))

mc

2 special cases of interest:

| (fixed target) pa =0 p1 = kmc

S1(k) = X (arcsinh(k))

Il (centre of mass) p1+p2=0 p1 — pa = kme

Srr(k) = X (2arcsinh(k/2))
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Effective Sine-Gordon potential
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effective Sine-Gordon potentials
Sine-Gordon NR S-matrix, | detemination:
p—1

Si(k) = H 2232 Sm = sin(mum)

m=1

Sine-Gordon NR S-matrix, Il detemination:

p—1
sm—ik/1+k?/4 :
Sri(k) = H SmHkm S = sin(mum)

m=1
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simplest case: |; p =2

—ik 1—1k .
Si(k) = 22 = Tt s1=sin (5) =

=l

rescaling of basic p = 2 case:
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Inverse scattering case |, general p

stepl: Fourier transformation
p—1
F(x)=— Z R,, e °m*
m=1

residues:

R,, = 2s,, H SntSm

step2: Marchenko equation

Ansatz: )
p—
Az, y) = Z Ry by () e~ 5m(@ty)
m=1
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Marchenko equation reduced to system of algebraic equations:

— 14+ Z _zZnbn Zm(ZIZ) — R,, e—23maz

Sm—TtSn

step3: calculation of potential
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p = 3 solution

—S%) sinh(sjx) sinh(sax)
D(x)

2
A(x,z) = —s1 — S92+ (51
determinant:
D(x) = s5 cosh(saox) sinh(sjx) — s1 cosh(six) sinh(sox)
short distance:

Alz,z) ~ 2
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Results
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Figu re 3: Comparison of the integrated effective potential A(z, ) (solid) and the corresponding
zero-momentum A,(x, x) (dashed) for p = 3.
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Figu re 4: Comparison of the integrated effective potential A(x, ) (solid) and the corresponding

zero-momentum A,(x, x) (dashed) for p = 4.
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Figu re B: The integrated effective potential in the COM frame for p = 2 (dots). For comparison

the analytically obtained LAB frame integrated effective potential A(x, x) (solid) is also shown.
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Figu re 0: The integrated effective potential in the COM frame for p = 3 (dots). For comparison

the analytically obtained LAB frame integrated effective potential A(x, x) (solid) is also shown.
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Flgu re (: Comparison of integrated SG effective potentials for p = 3. The solid (red) line, the
(blue) dots and the dashed (black) line are the LAB frame, the COM frame and the zero-momentum

potential, respectively.
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Work In progress
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SO FAR
e 51(k) = qr(x)  p=2,3,45
e Sii(k) = qrr(x) [numerically] p=2,3,4

e compare q;(x), qrr(x), qo(x)

TO DO

e ¢;(x) general p?
e QIS with incomplete data?

e method can be used in nuclear physics?
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Thank youl
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