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Introduction

v

How do nonlinear quantum transformations emerge?

» Focus on nonlinear evolution, but not on chaotic regime

v

Not quantum chaos (!)

v

Present a physical setup to realize a nonlinear scheme

» could be used for quantum state discrimination

v

Imagine another scenario where nonlinearity could be used

» to decide whether the output of a quantum operation is close
enough to the anticipated state



How does nonlinearity emerge?

» Quantum Mechanics: linear transformations

» BUT post-selection conditioned on measurement results = initial
state can be nonlinearly transformed

Original proposal

» at least two identical independent copies of the same state p"

» protocol:
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H. Bechmann-Pasquinucci, B. Huttner and N. Gisin, Phys. Lett. A 242, 198 (1998).



Nonlinear quantum transformations

» Two identical independent qubits (A and B) in the same pure state i)

_ 10+
VIARP

0> (z€©)

1+1z
» The state of the composite system
[Po) = Wo)a ® o)

> Apply an entangling two-qubit operation then measure the state of qubit B
» qubit A is kept only if the measurement on B resulted 0

» the state of A after the postselection reads
Wi)4 ~ 1004+ f(2)I1)4  (general case)
where f(z) is a complex quadratic rational function of z

a()Z2 +a1z+a

f@)=

= if ap and by are not both zero then nonlinear
boZz + blz + b2
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Iteration of the nonlinear map

v

Ensemble of qubits {|y)}

v

Take pairs and apply the protocol

v

Form new pairs from the postselected ones

v

After the nth step

0 1 0 M1
Iwo>=|>+2’|>—>|¢n>=|>+f @|1)

1 +12P 1+

Nonlinearity = [i,,) can be very sensitive to the initial conditions

v

v

Two ensembles {jy )} and {|v )}
» initially |y;) and ;) may have a large overlap

» but they may end up in orthogonal states (depending on f(z))
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A physical scheme for realization

1.

o)
'-l
|@bn> .444444444444—'ll.:

o)
et

2 two-level atoms in the same state |i,,)

. U, is applied to atom B

2
3. interaction with an optical resonator that is in a coherent state |a)
4.
5

projection of the field onto the initial coherent state

. atom B is projected onto its ground state
6.

atom A is left in the state |,.1) = N [10) + f"*D(2) 1)

J. M. Torres, J. Z. Bernad, G. Alber, O. Kalman, and T. Kiss, Phys. Rev. A, 95, 023828 (2017)
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Description of the physical setup

Resonant two-atom Tavis-Cummings model

» 2 (two-level) atoms + a single mode of the radiation field
&7 =11)40|;

Ai=hg ) (6fa+67a") s _ oy,
i=A,B

» reference Hamiltonian
Hy = ho(@'a+11) (1 + 1) (1)
» H; commutes with A

U
the time-dependent state vector for a given initial pure state |¥y)

i
V) =e "7 [¥o)
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Time evolution |
» initial condition: normalized product state of the 2 atoms and the field
[¥o) =[¥5) o)
[W3) =010,0) + ¢ [¥7) + ¢y [¥F) + 1|1, 1)
) = (0,1 £ 11,0))
V2
» the single mode of the radiation field is in a coherent state |a)

o) _ﬁ a,n — i¢
la) = Z e 2 |y a= Vie
n=0 \/’?

» 712 mean photon number



Time evolution Il

» exact solution of the time-dependent state vector
[0 = 10,0) ;') + ) ped ) + 1L 1) if ) + e [¥7) [

» for 7 > 1 the photonic states can be simplified to
eikqﬁ

k =~
|X’> T+
1+k(a+1)

|F/fz> — o8 Gt

(1-1F) + 00 ) - Ky )

+i2gt
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e’¢co + e"¢cl

1 .
ne=5(enFdy) i = NG



Measurements & postselection o
0y + ze' |1) H

-
o) = ———* [4n) o - )
-

2
VI+l e (-
1

» projecting the field onto the initial coherent state |a):

| at> V2ze cosgol e + e

_ 2
D=t P s e, (00 - ILD)

» projecting the state of atom B to |0)

10)

| A) __ ze®cosy e e + 2l
(141290102 2(1 + 12901 0>
» overall success probability

cos? ¢

Pi=0301=07/2> 2
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The resulting nonlinear transformation
» the final state of atom A (up to normalization ) is given by

2zcos ¢

— T 1
e i + ZZezga | >

10) +
nonlinear quantum map

2zcos ¢
e~iv + Z2€icp

ftp(z) =

complex quadratic rational function

» fixed n-cycles: fé”)(z) =z

> stability of the fixed n-cycles: multiplier 4 = ( ;’”)'(z,-) = 1@ f}(z2) - f}(zn)

> |4 > 1 repelling

> || = 1 neutral

> || < 1 attractive

» |1 = 0 superattractive

> the critical points from f/(z) = 0

» we can follow their orbits numerically

» stable cycles can be found (here at most 2)
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Different parameter regimes

T QISI 5£47T 37 57rﬁ

Ly
.2z T - =
43 2 3 4 4 3 2 3 4

SAWANAVWAS

O—i =0 Ol =0 O S
0.686m 0.730m 1.2697 1.3147 1.6867 1.731x

O —0
0.2697 0.3157

12/23



An application for state discrimination
> gj = ()

1 0
’U*":(O _1) (Z gate)

27
» the nonlinear transformation is f,—o = ——
Je=o 1+22
» two fixed one-cycles: 1 and -1

J pyy, = 1040211
s T T+ 027
[0) = 0.2]1)
13 o)y = ——=
2
u V1 +(0.2)

Im(z)

1{Wo | Wo)y = 0.92
(P3| ¥3); = 0.08

©
"ON UOT}RIdT

From highly overlapping
-2 to almost orthogonal
in only 3 steps
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About quadratic rational functions

» the multipliers y; of the fixed points determine a conjugacy class of f

> i.e. the u;’s are left unchanged by the transformation

f=gofog’

(a,b,c,d € C, ad — bc # 0) is a Mdbius transformation

az+b
> g(2) =
c

+d

» any member of the conjugacy class of f can be found from

Z(z + 1)
wz+ 1’

v =

i # 1 fixed-point normal form

» fixed points: z; = 0, 2o = o0, and z3 = i:ﬁ; (,u3 = %)

» superattractive for both fixed points if u; =0 and u, =0
foz) =7z basic superattractive map
> orthogonalizing because |y, ) = 0) and |y,) = |1)

J. Milnor, Dynamics in One Complex Variable, (Princeton University Press, 2006),
J. Milnor and Tan Lei, Experiment. Math. 2, 37 (1993) 14/23



Properties of the basic map f(z) = 2

After iteration:
» if |z] < 1 states converge to |0)
» if |zl > 1 states converge to |1)
» Julia set: |zl = 1 unit circle
» contains z3 = 1
» closure of the set of all

repelling fixed cycles
» connected set
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Orthogonalizing superattractive nonlinear maps

What Mébius transformations take fy(z) = z* into another orthogonalizing
superattractive map?

» multipliers are not changed

1
» need to keep z, = —— (orthogonalizing property)
|

az+b

The effect of conjugating fy by g(z) = (ad — bc # 0)

CcZ
8
201=0—z =
8
Z0’2200—>22:

8
203=1—>2z3=

d
= M©bbius has to be of the form: g(z) = % (ad # 0)

—az;z +
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Quantum state matching |

» Julia set of fy(z) = z%: unit circle Ty, = {ei9",<,0 € [0, 27r)}
» Julia setof f = go fy o g~! can be given as g({j’fo})

» g maps a circle into a circle or a line
= the Julia set of f is a circle or a line

Question: can we determine f by  Idea of g-state matching

> defining its z; > defining reference state |y, )

> defining its Julia set 7y » defining its neighborhood

> then finding the g for which » then finding implementation of f
g ! ({J f}) =95 » iteration of f realizes g-state

- f=gofyog! matching to |y, )

0. Kalman and T. Kiss, arXiv:1708.03610 (2017) 17/23



Quantum state matching Il

(a) 3

—
~—
—

7 Re(z)

21
c=0 2 2
5P (1 + L21?) = Jzal

_ 151 (1 + 21?) V1 =[5
s (1 + 121) ~ 1P

s = <¢11 | lﬁz)

r

quantum state matching

>

v

v

v

reference state: |y, )
neighborhood: [s,| = [(vz, | v-)
if |s] > |s¢| then [y2) — |v,)

if 15| < |5l then Iy:) — |w_1/z:)

min
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Determination of the nonlinear map f for QSM
» The Mébius transformation g can be written as g = 8u., © 8¢

2
1|5

> gD =z e=lele™ el = contracting Mébius

€'z + 77 . "
» guy. (1) = —————  unitary Mébius
1 —Z’;em"Z + el

= f)=gofoog =gu, 0g0foog ogy

z

(a)

21 =1
e=1/3
i Iss]> = 0.9
./‘ = N
T 'I A‘ T i y
105 0 Jos 1 T
e Re(z)

:qd :1-/:f
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Realization of maps suitable for g-state matching

(sz]‘ |21 % + 1)22 + 2z (sz*{ - 1)z+z1 (e+21)
f@= — O<e<l)
Z] (8z’[ - l)z2 +27j(e+z)z+e—zlal

Direct approach
» two-qubit unitary + a properly defined post-selection protocol

» e.g. measure whether the state of qubit B is |0)z = keep qubit A

uzy + (U3 + U33) 2 + uza 2

upr + (Ui + u13) 2+ u142?

1
Wida = N [I0>A + [1)4

> require |y1)4 to be

av: + a1z + a»
b0Z2 + b]Z + b2

Wida =104 + f(2)[1)4 where f(z) =
» U can be determined

A. Gilyén, T. Kiss and I. Jex, Sci. Rep. 6, 20076 (2016).
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Realization of maps suitable for g-state matching

f@=gu, 080 fo8 o8y =8u, °foosy,

Single-qubit gate + a special two-qubit gate

> realize gy, by a single-qubit unitary (rotation)
' 2

» determine the two-qubit unitary U, which realizes f. = = (lel< 1)
E

112 _ 1 A1_22
£ 7 11 £ 7 11 g 0
v.=| Y Vi Vi 0
0 0 0 1
V1 — &2 __L 1
1-¢ 5 \/58 0
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Example: matching with |y, ) = (10) +i[1))/ V2

4 J (b) P
12
3 10 -/'j“"f*f\.)
= "‘\J.._______.-;"
1 x v
0 0 |

2 —1 0 1 2
Re(z)

©

Im(z)

[N

ON uorjeIajt

'

¥}

» f matches qubit states with the state |z//zl) = (|0) +i]1)) / V2 if they
have an initial overlap larger than |s.*> = 0.9 (& = 1/3)

» we say a state is matched if after iteration an overlap larger than
Is|> = 0.994 is reached
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Conclusion

advantage: a single setup may be reused for the operations
disadvantage: many qubits are lost during the iterations (probabilistic)

» if production of identical pure states + storing of qubits is easy
» nonlinear protocols could be useful for quantum informational tasks
» quantum state discrimination among sets of states

» matching an unknown state (e.g. output of a quantum operation)
to a desired reference state

» if qubits of the ensemble have been matched to the desired
state, they can be used for further quantum computation
("gquantum state error correction"”)
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