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Extended	Bose-Hubbard	model	
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Bipartite	lattice,	lattice	sites:			r, r0
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b̂†r, b̂r
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boson	operators,	 n̂r = b̂†rb̂r
<latexit sha1_base64="5nJ+qdO0iLMYs+GqU25QEZnRV/s=">AAACNnicbVDLSsNAFJ3UV62vqks3g0VwVRIR7EYouHEjVLAPaGqYTCbt0MkkzEyEMuSr3Pgd7rpxoYhbP8FJ2oV9HLhwOOde7r3HTxiVyranVmljc2t7p7xb2ds/ODyqHp90ZJwKTNo4ZrHo+UgSRjlpK6oY6SWCoMhnpOuP73K/+0KEpDF/UpOEDCI05DSkGCkjedWHijtCSvPM026E1MgPtciy20L0F8Vn7QZoOCQig+vsioFXrdl1uwBcJc6c1MAcLa/67gYxTiPCFWZIyr5jJ2qgkVAUM5JV3FSSBOExGpK+oRxFRA508XYGL4wSwDAWpriChfp/QqNIyknkm878TLns5eI6r5+qsDHQlCepIhzPFoUpgyqGeYYwoIJgxSaGICyouRXiERIIK5N0HoKz/PIq6VzVHbvuPF7Xmo15HGVwBs7BJXDADWiCe9ACbYDBK5iCT/BlvVkf1rf1M2stWfOZU7AA6/cPMsCt4A==</latexit><latexit sha1_base64="5nJ+qdO0iLMYs+GqU25QEZnRV/s=">AAACNnicbVDLSsNAFJ3UV62vqks3g0VwVRIR7EYouHEjVLAPaGqYTCbt0MkkzEyEMuSr3Pgd7rpxoYhbP8FJ2oV9HLhwOOde7r3HTxiVyranVmljc2t7p7xb2ds/ODyqHp90ZJwKTNo4ZrHo+UgSRjlpK6oY6SWCoMhnpOuP73K/+0KEpDF/UpOEDCI05DSkGCkjedWHijtCSvPM026E1MgPtciy20L0F8Vn7QZoOCQig+vsioFXrdl1uwBcJc6c1MAcLa/67gYxTiPCFWZIyr5jJ2qgkVAUM5JV3FSSBOExGpK+oRxFRA508XYGL4wSwDAWpriChfp/QqNIyknkm878TLns5eI6r5+qsDHQlCepIhzPFoUpgyqGeYYwoIJgxSaGICyouRXiERIIK5N0HoKz/PIq6VzVHbvuPF7Xmo15HGVwBs7BJXDADWiCe9ACbYDBK5iCT/BlvVkf1rf1M2stWfOZU7AA6/cPMsCt4A==</latexit><latexit sha1_base64="5nJ+qdO0iLMYs+GqU25QEZnRV/s=">AAACNnicbVDLSsNAFJ3UV62vqks3g0VwVRIR7EYouHEjVLAPaGqYTCbt0MkkzEyEMuSr3Pgd7rpxoYhbP8FJ2oV9HLhwOOde7r3HTxiVyranVmljc2t7p7xb2ds/ODyqHp90ZJwKTNo4ZrHo+UgSRjlpK6oY6SWCoMhnpOuP73K/+0KEpDF/UpOEDCI05DSkGCkjedWHijtCSvPM026E1MgPtciy20L0F8Vn7QZoOCQig+vsioFXrdl1uwBcJc6c1MAcLa/67gYxTiPCFWZIyr5jJ2qgkVAUM5JV3FSSBOExGpK+oRxFRA508XYGL4wSwDAWpriChfp/QqNIyknkm878TLns5eI6r5+qsDHQlCepIhzPFoUpgyqGeYYwoIJgxSaGICyouRXiERIIK5N0HoKz/PIq6VzVHbvuPF7Xmo15HGVwBs7BJXDADWiCe9ACbYDBK5iCT/BlvVkf1rf1M2stWfOZU7AA6/cPMsCt4A==</latexit><latexit sha1_base64="5nJ+qdO0iLMYs+GqU25QEZnRV/s=">AAACNnicbVDLSsNAFJ3UV62vqks3g0VwVRIR7EYouHEjVLAPaGqYTCbt0MkkzEyEMuSr3Pgd7rpxoYhbP8FJ2oV9HLhwOOde7r3HTxiVyranVmljc2t7p7xb2ds/ODyqHp90ZJwKTNo4ZrHo+UgSRjlpK6oY6SWCoMhnpOuP73K/+0KEpDF/UpOEDCI05DSkGCkjedWHijtCSvPM026E1MgPtciy20L0F8Vn7QZoOCQig+vsioFXrdl1uwBcJc6c1MAcLa/67gYxTiPCFWZIyr5jJ2qgkVAUM5JV3FSSBOExGpK+oRxFRA508XYGL4wSwDAWpriChfp/QqNIyknkm878TLns5eI6r5+qsDHQlCepIhzPFoUpgyqGeYYwoIJgxSaGICyouRXiERIIK5N0HoKz/PIq6VzVHbvuPF7Xmo15HGVwBs7BJXDADWiCe9ACbYDBK5iCT/BlvVkf1rf1M2stWfOZU7AA6/cPMsCt4A==</latexit>

number	operators	

T
<latexit sha1_base64="xvsw/4t2YLg8K+EaVT2ywd9hYPo=">AAAB+XicbVDLSgMxFL3js46vUZdugkVwVWZEsMuCG5cV+oJ2KJk004YmmSHJFMrQP3HjQhG3/ok7/8ZMOwttPRA4nHMv9+REKWfa+P63s7W9s7u3XzlwD4+OT069s/OOTjJFaJskPFG9CGvKmaRtwwynvVRRLCJOu9H0ofC7M6o0S2TLzFMaCjyWLGYEGysNPc8dCGwmBPO8tXAthl7Vr/lLoE0SlKQKJZpD72swSkgmqDSEY637gZ+aMMfKMMLpwh1kmqaYTPGY9i2VWFAd5svkC3RtlRGKE2WfNGip/t7IsdB6LiI7WcTU614h/uf1MxPXw5zJNDNUktWhOOPIJKioAY2YosTwuSWYKGazIjLBChNjyypKCNa/vEk6t7XArwVPd9VGvayjApdwBTcQwD004BGa0AYCM3iGV3hzcufFeXc+VqNbTrlzAX/gfP4AGauR9Q==</latexit><latexit sha1_base64="xvsw/4t2YLg8K+EaVT2ywd9hYPo=">AAAB+XicbVDLSgMxFL3js46vUZdugkVwVWZEsMuCG5cV+oJ2KJk004YmmSHJFMrQP3HjQhG3/ok7/8ZMOwttPRA4nHMv9+REKWfa+P63s7W9s7u3XzlwD4+OT069s/OOTjJFaJskPFG9CGvKmaRtwwynvVRRLCJOu9H0ofC7M6o0S2TLzFMaCjyWLGYEGysNPc8dCGwmBPO8tXAthl7Vr/lLoE0SlKQKJZpD72swSkgmqDSEY637gZ+aMMfKMMLpwh1kmqaYTPGY9i2VWFAd5svkC3RtlRGKE2WfNGip/t7IsdB6LiI7WcTU614h/uf1MxPXw5zJNDNUktWhOOPIJKioAY2YosTwuSWYKGazIjLBChNjyypKCNa/vEk6t7XArwVPd9VGvayjApdwBTcQwD004BGa0AYCM3iGV3hzcufFeXc+VqNbTrlzAX/gfP4AGauR9Q==</latexit><latexit sha1_base64="xvsw/4t2YLg8K+EaVT2ywd9hYPo=">AAAB+XicbVDLSgMxFL3js46vUZdugkVwVWZEsMuCG5cV+oJ2KJk004YmmSHJFMrQP3HjQhG3/ok7/8ZMOwttPRA4nHMv9+REKWfa+P63s7W9s7u3XzlwD4+OT069s/OOTjJFaJskPFG9CGvKmaRtwwynvVRRLCJOu9H0ofC7M6o0S2TLzFMaCjyWLGYEGysNPc8dCGwmBPO8tXAthl7Vr/lLoE0SlKQKJZpD72swSkgmqDSEY637gZ+aMMfKMMLpwh1kmqaYTPGY9i2VWFAd5svkC3RtlRGKE2WfNGip/t7IsdB6LiI7WcTU614h/uf1MxPXw5zJNDNUktWhOOPIJKioAY2YosTwuSWYKGazIjLBChNjyypKCNa/vEk6t7XArwVPd9VGvayjApdwBTcQwD004BGa0AYCM3iGV3hzcufFeXc+VqNbTrlzAX/gfP4AGauR9Q==</latexit><latexit sha1_base64="xvsw/4t2YLg8K+EaVT2ywd9hYPo=">AAAB+XicbVDLSgMxFL3js46vUZdugkVwVWZEsMuCG5cV+oJ2KJk004YmmSHJFMrQP3HjQhG3/ok7/8ZMOwttPRA4nHMv9+REKWfa+P63s7W9s7u3XzlwD4+OT069s/OOTjJFaJskPFG9CGvKmaRtwwynvVRRLCJOu9H0ofC7M6o0S2TLzFMaCjyWLGYEGysNPc8dCGwmBPO8tXAthl7Vr/lLoE0SlKQKJZpD72swSkgmqDSEY637gZ+aMMfKMMLpwh1kmqaYTPGY9i2VWFAd5svkC3RtlRGKE2WfNGip/t7IsdB6LiI7WcTU614h/uf1MxPXw5zJNDNUktWhOOPIJKioAY2YosTwuSWYKGazIjLBChNjyypKCNa/vEk6t7XArwVPd9VGvayjApdwBTcQwD004BGa0AYCM3iGV3hzcufFeXc+VqNbTrlzAX/gfP4AGauR9Q==</latexit>

tunneling	constant,										onsite	repulsion	
chemical	potential,										infinite-range	interaction	
number	of	lattice	sites	

µ
<latexit sha1_base64="kylQewDPUlgkcBD/yozay3Z1YM8=">AAAB73icbVBNS8NAEJ3Urxq/qh69LBbBU0lEsMeCF48V7Ae0oWy2m3bp7ibuboQS+ie8eFDEq3/Hm//GTZqDtj4YeLw3w8y8MOFMG8/7diobm1vbO9Vdd2//4PCodnzS1XGqCO2QmMeqH2JNOZO0Y5jhtJ8oikXIaS+c3eZ+74kqzWL5YOYJDQSeSBYxgo2V+u5QpK7FqFb3Gl4BtE78ktShRHtU+xqOY5IKKg3hWOuB7yUmyLAyjHC6cIeppgkmMzyhA0slFlQHWXHvAl1YZYyiWNmSBhXq74kMC63nIrSdApupXvVy8T9vkJqoGWRMJqmhkiwXRSlHJkb582jMFCWGzy3BRDF7KyJTrDAxNqI8BH/15XXSvWr4XsO/v663mmUcVTiDc7gEH26gBXfQhg4Q4PAMr/DmPDovzrvzsWytOOXMKfyB8/kDZEmOMA==</latexit><latexit sha1_base64="kylQewDPUlgkcBD/yozay3Z1YM8=">AAAB73icbVBNS8NAEJ3Urxq/qh69LBbBU0lEsMeCF48V7Ae0oWy2m3bp7ibuboQS+ie8eFDEq3/Hm//GTZqDtj4YeLw3w8y8MOFMG8/7diobm1vbO9Vdd2//4PCodnzS1XGqCO2QmMeqH2JNOZO0Y5jhtJ8oikXIaS+c3eZ+74kqzWL5YOYJDQSeSBYxgo2V+u5QpK7FqFb3Gl4BtE78ktShRHtU+xqOY5IKKg3hWOuB7yUmyLAyjHC6cIeppgkmMzyhA0slFlQHWXHvAl1YZYyiWNmSBhXq74kMC63nIrSdApupXvVy8T9vkJqoGWRMJqmhkiwXRSlHJkb582jMFCWGzy3BRDF7KyJTrDAxNqI8BH/15XXSvWr4XsO/v663mmUcVTiDc7gEH26gBXfQhg4Q4PAMr/DmPDovzrvzsWytOOXMKfyB8/kDZEmOMA==</latexit><latexit sha1_base64="kylQewDPUlgkcBD/yozay3Z1YM8=">AAAB73icbVBNS8NAEJ3Urxq/qh69LBbBU0lEsMeCF48V7Ae0oWy2m3bp7ibuboQS+ie8eFDEq3/Hm//GTZqDtj4YeLw3w8y8MOFMG8/7diobm1vbO9Vdd2//4PCodnzS1XGqCO2QmMeqH2JNOZO0Y5jhtJ8oikXIaS+c3eZ+74kqzWL5YOYJDQSeSBYxgo2V+u5QpK7FqFb3Gl4BtE78ktShRHtU+xqOY5IKKg3hWOuB7yUmyLAyjHC6cIeppgkmMzyhA0slFlQHWXHvAl1YZYyiWNmSBhXq74kMC63nIrSdApupXvVy8T9vkJqoGWRMJqmhkiwXRSlHJkb582jMFCWGzy3BRDF7KyJTrDAxNqI8BH/15XXSvWr4XsO/v663mmUcVTiDc7gEH26gBXfQhg4Q4PAMr/DmPDovzrvzsWytOOXMKfyB8/kDZEmOMA==</latexit><latexit sha1_base64="kylQewDPUlgkcBD/yozay3Z1YM8=">AAAB73icbVBNS8NAEJ3Urxq/qh69LBbBU0lEsMeCF48V7Ae0oWy2m3bp7ibuboQS+ie8eFDEq3/Hm//GTZqDtj4YeLw3w8y8MOFMG8/7diobm1vbO9Vdd2//4PCodnzS1XGqCO2QmMeqH2JNOZO0Y5jhtJ8oikXIaS+c3eZ+74kqzWL5YOYJDQSeSBYxgo2V+u5QpK7FqFb3Gl4BtE78ktShRHtU+xqOY5IKKg3hWOuB7yUmyLAyjHC6cIeppgkmMzyhA0slFlQHWXHvAl1YZYyiWNmSBhXq74kMC63nIrSdApupXvVy8T9vkJqoGWRMJqmhkiwXRSlHJkb582jMFCWGzy3BRDF7KyJTrDAxNqI8BH/15XXSvWr4XsO/v663mmUcVTiDc7gEH26gBXfQhg4Q4PAMr/DmPDovzrvzsWytOOXMKfyB8/kDZEmOMA==</latexit>

U
<latexit sha1_base64="NzL7+3kkYTaNrlZ5EcQC5OZAXvk=">AAAB7XicbVBNS8NAEJ3Urxq/qh69LBbBU0lEsMeCF48VTFtoQ9lsN+3azW7Y3Qgl9D948aCIV/+PN/+NmzYHbX0w8Hhvhpl5UcqZNp737VQ2Nre2d6q77t7+weFR7fiko2WmCA2I5FL1IqwpZ4IGhhlOe6miOIk47UbT28LvPlGlmRQPZpbSMMFjwWJGsLFSxw1ci2Gt7jW8BdA68UtShxLtYe1rMJIkS6gwhGOt+76XmjDHyjDC6dwdZJqmmEzxmPYtFTihOswX187RhVVGKJbKljBoof6eyHGi9SyJbGeCzUSveoX4n9fPTNwMcybSzFBBlovijCMjUfE6GjFFieEzSzBRzN6KyAQrTIwNqAjBX315nXSuGr7X8O+v661mGUcVzuAcLsGHG2jBHbQhAAKP8Ayv8OZI58V5dz6WrRWnnDmFP3A+fwC0TI0z</latexit><latexit sha1_base64="NzL7+3kkYTaNrlZ5EcQC5OZAXvk=">AAAB7XicbVBNS8NAEJ3Urxq/qh69LBbBU0lEsMeCF48VTFtoQ9lsN+3azW7Y3Qgl9D948aCIV/+PN/+NmzYHbX0w8Hhvhpl5UcqZNp737VQ2Nre2d6q77t7+weFR7fiko2WmCA2I5FL1IqwpZ4IGhhlOe6miOIk47UbT28LvPlGlmRQPZpbSMMFjwWJGsLFSxw1ci2Gt7jW8BdA68UtShxLtYe1rMJIkS6gwhGOt+76XmjDHyjDC6dwdZJqmmEzxmPYtFTihOswX187RhVVGKJbKljBoof6eyHGi9SyJbGeCzUSveoX4n9fPTNwMcybSzFBBlovijCMjUfE6GjFFieEzSzBRzN6KyAQrTIwNqAjBX315nXSuGr7X8O+v661mGUcVzuAcLsGHG2jBHbQhAAKP8Ayv8OZI58V5dz6WrRWnnDmFP3A+fwC0TI0z</latexit><latexit sha1_base64="NzL7+3kkYTaNrlZ5EcQC5OZAXvk=">AAAB7XicbVBNS8NAEJ3Urxq/qh69LBbBU0lEsMeCF48VTFtoQ9lsN+3azW7Y3Qgl9D948aCIV/+PN/+NmzYHbX0w8Hhvhpl5UcqZNp737VQ2Nre2d6q77t7+weFR7fiko2WmCA2I5FL1IqwpZ4IGhhlOe6miOIk47UbT28LvPlGlmRQPZpbSMMFjwWJGsLFSxw1ci2Gt7jW8BdA68UtShxLtYe1rMJIkS6gwhGOt+76XmjDHyjDC6dwdZJqmmEzxmPYtFTihOswX187RhVVGKJbKljBoof6eyHGi9SyJbGeCzUSveoX4n9fPTNwMcybSzFBBlovijCMjUfE6GjFFieEzSzBRzN6KyAQrTIwNqAjBX315nXSuGr7X8O+v661mGUcVzuAcLsGHG2jBHbQhAAKP8Ayv8OZI58V5dz6WrRWnnDmFP3A+fwC0TI0z</latexit><latexit sha1_base64="NzL7+3kkYTaNrlZ5EcQC5OZAXvk=">AAAB7XicbVBNS8NAEJ3Urxq/qh69LBbBU0lEsMeCF48VTFtoQ9lsN+3azW7Y3Qgl9D948aCIV/+PN/+NmzYHbX0w8Hhvhpl5UcqZNp737VQ2Nre2d6q77t7+weFR7fiko2WmCA2I5FL1IqwpZ4IGhhlOe6miOIk47UbT28LvPlGlmRQPZpbSMMFjwWJGsLFSxw1ci2Gt7jW8BdA68UtShxLtYe1rMJIkS6gwhGOt+76XmjDHyjDC6dwdZJqmmEzxmPYtFTihOswX187RhVVGKJbKljBoof6eyHGi9SyJbGeCzUSveoX4n9fPTNwMcybSzFBBlovijCMjUfE6GjFFieEzSzBRzN6KyAQrTIwNqAjBX315nXSuGr7X8O+v661mGUcVzuAcLsGHG2jBHbQhAAKP8Ayv8OZI58V5dz6WrRWnnDmFP3A+fwC0TI0z</latexit>

"
<latexit sha1_base64="9mG7+oT8lU93asr0DPVBj9S2Hgc=">AAAB+XicbVBNS8NAEJ3Urxq/oh69LBbBU0lEsMeCF48V7Ae0oWy2m3bpZjfsbgol9J948aCIV/+JN/+NmzYHbX0w8Hhvhpl5UcqZNr7/7VS2tnd296r77sHh0fGJd3rW0TJThLaJ5FL1IqwpZ4K2DTOc9lJFcRJx2o2m94XfnVGlmRRPZp7SMMFjwWJGsLHS0PPcwQwrmmrGpXAthl7Nr/tLoE0SlKQGJVpD72swkiRLqDCEY637gZ+aMMfKMMLpwh1kmqaYTPGY9i0VOKE6zJeXL9CVVUYolsqWMGip/p7IcaL1PIlsZ4LNRK97hfif189M3AhzJtLMUEFWi+KMIyNREQMaMUWJ4XNLMFHM3orIBCtMjA2rCCFYf3mTdG7qgV8PHm9rzUYZRxUu4BKuIYA7aMIDtKANBGbwDK/w5uTOi/PufKxaK045cw5/4Hz+AEbBkhI=</latexit><latexit sha1_base64="9mG7+oT8lU93asr0DPVBj9S2Hgc=">AAAB+XicbVBNS8NAEJ3Urxq/oh69LBbBU0lEsMeCF48V7Ae0oWy2m3bpZjfsbgol9J948aCIV/+JN/+NmzYHbX0w8Hhvhpl5UcqZNr7/7VS2tnd296r77sHh0fGJd3rW0TJThLaJ5FL1IqwpZ4K2DTOc9lJFcRJx2o2m94XfnVGlmRRPZp7SMMFjwWJGsLHS0PPcwQwrmmrGpXAthl7Nr/tLoE0SlKQGJVpD72swkiRLqDCEY637gZ+aMMfKMMLpwh1kmqaYTPGY9i0VOKE6zJeXL9CVVUYolsqWMGip/p7IcaL1PIlsZ4LNRK97hfif189M3AhzJtLMUEFWi+KMIyNREQMaMUWJ4XNLMFHM3orIBCtMjA2rCCFYf3mTdG7qgV8PHm9rzUYZRxUu4BKuIYA7aMIDtKANBGbwDK/w5uTOi/PufKxaK045cw5/4Hz+AEbBkhI=</latexit><latexit sha1_base64="9mG7+oT8lU93asr0DPVBj9S2Hgc=">AAAB+XicbVBNS8NAEJ3Urxq/oh69LBbBU0lEsMeCF48V7Ae0oWy2m3bpZjfsbgol9J948aCIV/+JN/+NmzYHbX0w8Hhvhpl5UcqZNr7/7VS2tnd296r77sHh0fGJd3rW0TJThLaJ5FL1IqwpZ4K2DTOc9lJFcRJx2o2m94XfnVGlmRRPZp7SMMFjwWJGsLHS0PPcwQwrmmrGpXAthl7Nr/tLoE0SlKQGJVpD72swkiRLqDCEY637gZ+aMMfKMMLpwh1kmqaYTPGY9i0VOKE6zJeXL9CVVUYolsqWMGip/p7IcaL1PIlsZ4LNRK97hfif189M3AhzJtLMUEFWi+KMIyNREQMaMUWJ4XNLMFHM3orIBCtMjA2rCCFYf3mTdG7qgV8PHm9rzUYZRxUu4BKuIYA7aMIDtKANBGbwDK/w5uTOi/PufKxaK045cw5/4Hz+AEbBkhI=</latexit><latexit sha1_base64="9mG7+oT8lU93asr0DPVBj9S2Hgc=">AAAB+XicbVBNS8NAEJ3Urxq/oh69LBbBU0lEsMeCF48V7Ae0oWy2m3bpZjfsbgol9J948aCIV/+JN/+NmzYHbX0w8Hhvhpl5UcqZNr7/7VS2tnd296r77sHh0fGJd3rW0TJThLaJ5FL1IqwpZ4K2DTOc9lJFcRJx2o2m94XfnVGlmRRPZp7SMMFjwWJGsLHS0PPcwQwrmmrGpXAthl7Nr/tLoE0SlKQGJVpD72swkiRLqDCEY637gZ+aMMfKMMLpwh1kmqaYTPGY9i0VOKE6zJeXL9CVVUYolsqWMGip/p7IcaL1PIlsZ4LNRK97hfif189M3AhzJtLMUEFWi+KMIyNREQMaMUWJ4XNLMFHM3orIBCtMjA2rCCFYf3mTdG7qgV8PHm9rzUYZRxUu4BKuIYA7aMIDtKANBGbwDK/w5uTOi/PufKxaK045cw5/4Hz+AEbBkhI=</latexit>

N
<latexit sha1_base64="vj68sHnPE5BBFNsJRj/iYPMz2Bk=">AAAB7XicbVBNS8NAEJ3Urxq/qh69LBbBU0lEaI8FL56kgv2ANpTNdtOu3eyG3Y1QQv+DFw+KePX/ePPfuGlz0NYHA4/3ZpiZFyacaeN5305pY3Nre6e86+7tHxweVY5POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh9Cb3u09UaSbFg5klNIjxWLCIEWys1HHvXIthperVvAXQOvELUoUCrWHlazCSJI2pMIRjrfu+l5ggw8owwuncHaSaJphM8Zj2LRU4pjrIFtfO0YVVRiiSypYwaKH+nshwrPUsDm1njM1Er3q5+J/XT03UCDImktRQQZaLopQjI1H+OhoxRYnhM0swUczeisgEK0yMDSgPwV99eZ10rmq+V/Pvr6vNRhFHGc7gHC7Bhzo04RZa0AYCj/AMr/DmSOfFeXc+lq0lp5g5hT9wPn8AqZSNLA==</latexit><latexit sha1_base64="vj68sHnPE5BBFNsJRj/iYPMz2Bk=">AAAB7XicbVBNS8NAEJ3Urxq/qh69LBbBU0lEaI8FL56kgv2ANpTNdtOu3eyG3Y1QQv+DFw+KePX/ePPfuGlz0NYHA4/3ZpiZFyacaeN5305pY3Nre6e86+7tHxweVY5POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh9Cb3u09UaSbFg5klNIjxWLCIEWys1HHvXIthperVvAXQOvELUoUCrWHlazCSJI2pMIRjrfu+l5ggw8owwuncHaSaJphM8Zj2LRU4pjrIFtfO0YVVRiiSypYwaKH+nshwrPUsDm1njM1Er3q5+J/XT03UCDImktRQQZaLopQjI1H+OhoxRYnhM0swUczeisgEK0yMDSgPwV99eZ10rmq+V/Pvr6vNRhFHGc7gHC7Bhzo04RZa0AYCj/AMr/DmSOfFeXc+lq0lp5g5hT9wPn8AqZSNLA==</latexit><latexit sha1_base64="vj68sHnPE5BBFNsJRj/iYPMz2Bk=">AAAB7XicbVBNS8NAEJ3Urxq/qh69LBbBU0lEaI8FL56kgv2ANpTNdtOu3eyG3Y1QQv+DFw+KePX/ePPfuGlz0NYHA4/3ZpiZFyacaeN5305pY3Nre6e86+7tHxweVY5POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh9Cb3u09UaSbFg5klNIjxWLCIEWys1HHvXIthperVvAXQOvELUoUCrWHlazCSJI2pMIRjrfu+l5ggw8owwuncHaSaJphM8Zj2LRU4pjrIFtfO0YVVRiiSypYwaKH+nshwrPUsDm1njM1Er3q5+J/XT03UCDImktRQQZaLopQjI1H+OhoxRYnhM0swUczeisgEK0yMDSgPwV99eZ10rmq+V/Pvr6vNRhFHGc7gHC7Bhzo04RZa0AYCj/AMr/DmSOfFeXc+lq0lp5g5hT9wPn8AqZSNLA==</latexit><latexit sha1_base64="vj68sHnPE5BBFNsJRj/iYPMz2Bk=">AAAB7XicbVBNS8NAEJ3Urxq/qh69LBbBU0lEaI8FL56kgv2ANpTNdtOu3eyG3Y1QQv+DFw+KePX/ePPfuGlz0NYHA4/3ZpiZFyacaeN5305pY3Nre6e86+7tHxweVY5POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh9Cb3u09UaSbFg5klNIjxWLCIEWys1HHvXIthperVvAXQOvELUoUCrWHlazCSJI2pMIRjrfu+l5ggw8owwuncHaSaJphM8Zj2LRU4pjrIFtfO0YVVRiiSypYwaKH+nshwrPUsDm1njM1Er3q5+J/XT03UCDImktRQQZaLopQjI1H+OhoxRYnhM0swUczeisgEK0yMDSgPwV99eZ10rmq+V/Pvr6vNRhFHGc7gHC7Bhzo04RZa0AYCj/AMr/DmSOfFeXc+lq0lp5g5hT9wPn8AqZSNLA==</latexit>



Bose-Hubbard	model,		" = 0
<latexit sha1_base64="pqihrcS4/QGpI4zWtVkvvEUhjyI=">AAAB+3icdVBNSwMxEM3Wr7p+rfXoJVgETyUpYtuDUPDisYKthXYp2TTbhmazS5ItlqV/xYsHRbz6R7z5b8y2FVT0wcDjvRlm5gWJ4Nog9OEU1tY3NreK2+7O7t7+gXdY6ug4VZS1aSxi1Q2IZoJL1jbcCNZNFCNRINhdMLnK/bspU5rH8tbMEuZHZCR5yCkxVhp4Jbc/JYolmotYXiLXYuCVUQUhhDGGOcG1C2RJo1Gv4jrEuWVRBiu0Bt57fxjTNGLSUEG07mGUGD8jynAq2Nztp5olhE7IiPUslSRi2s8Wt8/hqVWGMIyVLWngQv0+kZFI61kU2M6ImLH+7eXiX14vNWHdz7hMUsMkXS4KUwFNDPMg4JArRo2YWUKo4vZWSMdEEWpsXHkIX5/C/0mnWsGogm/Oy83mKo4iOAYn4AxgUANNcA1aoA0ouAcP4Ak8O3Pn0XlxXpetBWc1cwR+wHn7BJDpktE=</latexit><latexit sha1_base64="pqihrcS4/QGpI4zWtVkvvEUhjyI=">AAAB+3icdVBNSwMxEM3Wr7p+rfXoJVgETyUpYtuDUPDisYKthXYp2TTbhmazS5ItlqV/xYsHRbz6R7z5b8y2FVT0wcDjvRlm5gWJ4Nog9OEU1tY3NreK2+7O7t7+gXdY6ug4VZS1aSxi1Q2IZoJL1jbcCNZNFCNRINhdMLnK/bspU5rH8tbMEuZHZCR5yCkxVhp4Jbc/JYolmotYXiLXYuCVUQUhhDGGOcG1C2RJo1Gv4jrEuWVRBiu0Bt57fxjTNGLSUEG07mGUGD8jynAq2Nztp5olhE7IiPUslSRi2s8Wt8/hqVWGMIyVLWngQv0+kZFI61kU2M6ImLH+7eXiX14vNWHdz7hMUsMkXS4KUwFNDPMg4JArRo2YWUKo4vZWSMdEEWpsXHkIX5/C/0mnWsGogm/Oy83mKo4iOAYn4AxgUANNcA1aoA0ouAcP4Ak8O3Pn0XlxXpetBWc1cwR+wHn7BJDpktE=</latexit><latexit sha1_base64="pqihrcS4/QGpI4zWtVkvvEUhjyI=">AAAB+3icdVBNSwMxEM3Wr7p+rfXoJVgETyUpYtuDUPDisYKthXYp2TTbhmazS5ItlqV/xYsHRbz6R7z5b8y2FVT0wcDjvRlm5gWJ4Nog9OEU1tY3NreK2+7O7t7+gXdY6ug4VZS1aSxi1Q2IZoJL1jbcCNZNFCNRINhdMLnK/bspU5rH8tbMEuZHZCR5yCkxVhp4Jbc/JYolmotYXiLXYuCVUQUhhDGGOcG1C2RJo1Gv4jrEuWVRBiu0Bt57fxjTNGLSUEG07mGUGD8jynAq2Nztp5olhE7IiPUslSRi2s8Wt8/hqVWGMIyVLWngQv0+kZFI61kU2M6ImLH+7eXiX14vNWHdz7hMUsMkXS4KUwFNDPMg4JArRo2YWUKo4vZWSMdEEWpsXHkIX5/C/0mnWsGogm/Oy83mKo4iOAYn4AxgUANNcA1aoA0ouAcP4Ak8O3Pn0XlxXpetBWc1cwR+wHn7BJDpktE=</latexit><latexit sha1_base64="pqihrcS4/QGpI4zWtVkvvEUhjyI=">AAAB+3icdVBNSwMxEM3Wr7p+rfXoJVgETyUpYtuDUPDisYKthXYp2TTbhmazS5ItlqV/xYsHRbz6R7z5b8y2FVT0wcDjvRlm5gWJ4Nog9OEU1tY3NreK2+7O7t7+gXdY6ug4VZS1aSxi1Q2IZoJL1jbcCNZNFCNRINhdMLnK/bspU5rH8tbMEuZHZCR5yCkxVhp4Jbc/JYolmotYXiLXYuCVUQUhhDGGOcG1C2RJo1Gv4jrEuWVRBiu0Bt57fxjTNGLSUEG07mGUGD8jynAq2Nztp5olhE7IiPUslSRi2s8Wt8/hqVWGMIyVLWngQv0+kZFI61kU2M6ImLH+7eXiX14vNWHdz7hMUsMkXS4KUwFNDPMg4JArRo2YWUKo4vZWSMdEEWpsXHkIX5/C/0mnWsGogm/Oy83mKo4iOAYn4AxgUANNcA1aoA0ouAcP4Ak8O3Pn0XlxXpetBWc1cwR+wHn7BJDpktE=</latexit>Bose Hubbard Model 
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We determine the quantum ground-state properties of ultracold bosonic atoms interacting with the

mode of a high-finesse resonator. The atoms are confined by an external optical lattice, whose period is

incommensurate with the cavity mode wavelength, and are driven by a transverse laser, which is resonant

with the cavity mode. While for pointlike atoms photon scattering into the cavity is suppressed, for

sufficiently strong lasers quantum fluctuations can support the buildup of an intracavity field, which in

turn amplifies quantum fluctuations. The dynamics is described by a Bose-Hubbard model where the

coefficients due to the cavity field depend on the atomic density at all lattice sites. Quantum Monte Carlo

simulations and mean-field calculations show that, for large parameter regions, cavity backaction forces

the atoms into clusters with a checkerboard density distribution. Here, the ground state lacks superfluidity

and possesses finite compressibility, typical of a Bose glass. This system constitutes a novel setting where

quantum fluctuations give rise to effects usually associated with disorder.

DOI: 10.1103/PhysRevLett.110.075304 PACS numbers: 67.85.!d, 03.75.Hh, 05.30.Jp, 32.80.Qk

Bragg diffraction is a manifestation of the wave proper-
ties of light and provides a criterion for the existence of
long-range order in the scattering medium [1]. Bragg
diffraction of light by atoms in optical lattices was mea-
sured for various geometries and settings, from gratings of
laser-cooled atoms [2– 5] to ultracold bosons in the Mott-
insulator (MI) phase [6]. In most of these setups, the
mechanical effect of the scattered light on the density
distribution of the atomic medium is negligible, while
photon recoil can give rise to visible effects in the spectrum
of the diffracted light [7].

Recent work proposed to use high-finesse optical reso-
nators to enhance light scattering into one spatial direction
so as to reveal properties of the medium’s quantum state by
measuring the light at the cavity output [7,8]. These pro-
posals assume that backaction of the cavity field on the
atoms can be discarded. Such an assumption is, however,
not valid in the regime considered in Refs. [9– 14]: Here, the
strong coupling between cavity and atoms can induce the
formation of stable Bragg gratings in cold [9,10] and ultra-
cold atomic gases [11– 14] that coherently scatter light from
a transverse laser into the cavity mode. This phenomenon
occurs when the intensity of the pump exceeds a certain
threshold [10,11,13,15]. At ultralow temperatures the self-
organized medium is a supersolid [13], while for larger
pump intensities incompressible phases are expected [16].

Let now the atoms be inside a high-finesse standing-
wave cavity and form a periodic structure, like the one
sketched in Fig. 1, whose period !0=2 is incommensurate
with the cavity-mode wavelength !. If the atoms are point-
like scatterers, or deep in a MI phase of the external
potential, there is no coherent scattering from a transverse
laser into the cavity mode [8,17]. Quantum fluctuations,
however, will induce scattering into the cavity, thus the

creation of a weak potential with periodicity ! which is
incommensurate with !0. In this Letter, we derive a Bose-
Hubbard model for the system in Fig. 1 and show that
cavity backaction gives rise to an additional term in the
atomic energy which depends on the density at all lattice
sites. Even for weak probe fields this results in the for-
mation of patterns which maximize scattering into the
cavity mode and can exhibit finite compressibility with
no long-range coherence. This feature, typical of disor-
dered systems, corresponds to a Bose-glass phase for suf-
ficiently deep potentials [18– 21] and here emerges due to
the nonlocal quantum potential of the cavity field. Our
work extends studies predicting glassiness in multimode
cavities [22,23].

FIG. 1 (color online). Ultracold atoms are tightly confined by
an optical lattice of periodicity !0=2. They are driven by a weak
transverse laser at Rabi frequency ! and strongly coupled to the
mode of a standing-wave cavity both at wavelength !. Since !
and !0 are incommensurate, light is scattered into the cavity
mode because of quantum fluctuations. It then gives rise to an
incommensurate long-range interaction between the atoms
which modifies the density distribution.
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as well as the absence of an even-odd imbalance. The observed SF 
to MI transition line is shifted to larger values of V2D than theoret-
ically expected for a homogeneous system25, which we attribute to 
the harmonic confinement of our 2D systems26. Approaching cavity 
resonance increases U1. Above ∆c/2π ≈  − 52 MHz, this leads to the 
formation of a structured phase with even–odd imbalance, heralded 
by the onset of a light field scattered into the cavity. Depending on 
the relative strength of tunnelling and short-range interactions, the 
structured phase can either be an SS phase, where superfluidity is sup-
ported, or a CDW phase, where spatial coherence is lost. The iden-
tification of the SS phase is further supported by the observation of 
additional interference peaks corresponding to a λ-periodic density 
modulation (see Extended Data Fig. 5)15. The SF to SS phase bound-
ary shifts to smaller V2D when approaching the cavity resonance3. 
The transition line from an SS to a CDW follows the same trend. 
We attribute the loss of coherence in the CDW phase to a reduced 
nearest-neighbour tunnelling, which has its origin in an energy offset 
between even and odd lattice sites. This energy offset is a result of 
the optical potential created by the interference of the field scattered 
into the cavity with the field of the z lattice, and is shown in Extended 
Data Fig. 6. Our experimental resolution currently does not allow us 
to assess the precise topology of the multicritical region.

For long-range interactions dominating over tunnelling and 
short-range interactions, we observe a maximum even–odd 
imbalance Θ  above 0.9, implying that mostly even or odd sites 
are occupied27. This imbalance is significantly lower between 
− 32MHz ! ∆c/2π ! − 52 MHz, see Fig. 2d. A possible explanation 
is the coexistence of CDW and MI phases21, which is supported by 
the external trapping potential, making it energetically costly for the 
system to place atoms away from the trap centre. Conversely, a homo-
geneous system with non-integer filling would turn into a structured 
phase with even–odd imbalance for any finite long-range interaction 

(see Methods and Extended Data Fig. 3). Since the particles in the 
MI regions do not scatter into the cavity, the cavity field will rapidly 
vanish when the size of these regions increases. We conclude from the 
signal-to-noise ratio of our detection that below ∆c/2π = − 52 MHz 
the technical noise does not allow us to detect an even–odd imbalance 
below 0.01.

We now study the evolution between the predominantly insulating 
CDW and MI phases. We initialize the system in the insulating region 
(V2D = 14ER) at a certain detuning ∆c and then continuously vary 
U1 by changing ∆c, before returning to the initial value of ∆c (see 
Methods). The cavity output field tracks the instantaneous even–odd 
imbalance Θ  in real time. Figure 4a shows the evolution of the imbal-
ance when decreasing ∆c from an initial value in the CDW phase. The 
data show a hysteretic behaviour with a lower imbalance on return. 
The imbalance evolution for a starting value of ∆c in the transition 
region between CDW and MI phases shows a similar behaviour when 
decreasing ∆c and the opposite behaviour when increasing ∆c. In 
Fig. 4c, where we started in the MI phase, the imbalance remains low 
throughout the measurement. We measured the hysteretic behaviour 
to be insensitive to the ramp speed (Extended Data Fig. 7).

This hysteretic behaviour of the system points towards a first-order 
phase transition between CDW and MI phases. When starting in an 
MI phase and increasing U1/Us beyond a certain point, the CDW phase 
will become energetically favourable, but cannot be reached because 
of an energy barrier between the two phases. Further increasing U1/Us 
lowers this energy barrier until the system is driven out of the meta-
stable state. We suggest that this is activated in our inhomogeneous 
system by λ-periodic density–density correlations that are created in 
residual compressible regions, or superfluid shells, acting as impuri-
ties. In the opposite direction, moving from a CDW to an MI phase, 
the energy offset between even and odd lattice sites stabilizes the CDW 
phase beyond the point where the MI phase becomes energetically 
favourable, which results in the observed hysteretic behaviour.

Online Content Methods, along with any additional Extended Data display items and 
Source Data, are available in the online version of the paper; references unique to 
these sections appear only in the online paper.
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Figure 3 | Phase diagram. The four phases are indicated by different 
colours: SF (red), SS (violet), CDW (blue) and MI (yellow). Simplified 
density distributions are schematically illustrated for the homogeneous 
case with, on average, one atom per site. Data points (from Fig. 2b, d) 
show the experimentally obtained phase transition points recorded for 
increasing V2D: Black data points indicate the onset of an even–odd 
imbalance, white data points depict where spatial coherence is lost. 
Increasing the 2D lattice depth V2D simultaneously increases short-  
and long-range interactions. The detuning ∆c changes only the strength 
of the long-range interactions. The slanted lines indicate the region 
where CDW and MI phases may coexist. At detuning ∆c/2π = +8 MHz, 
U1 becomes negative and favours zero imbalance, thus only SF and MI 
phases appear. No data were taken at detunings indicated by the grey bar. 
A version of the phase diagram in Hamiltonian parameters is shown in 
Extended Data Fig. 2.
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Experiment	in	2d	
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Linearization	of	the	global-range	interaction	term	
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kinetic	energy		

potential	energy	

Suzuki-Trotter	decomposition	of	the	canonical	partition	function:	
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Feynman	path-integral	expression:	



Hubbard-Stratonovic	transformation	for	the	quadratic	term	in			V (Sk)
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For	large	N	the	integral	is	evaluated	by	the	saddle-point	method:	
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<latexit sha1_base64="cXpV1MczFp2Ibqs6c9nXqpHC5Hc="></latexit><latexit sha1_base64="cXpV1MczFp2Ibqs6c9nXqpHC5Hc="></latexit><latexit sha1_base64="cXpV1MczFp2Ibqs6c9nXqpHC5Hc="></latexit><latexit sha1_base64="cXpV1MczFp2Ibqs6c9nXqpHC5Hc="></latexit>
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<latexit sha1_base64="v/4gku9O6D7BbrXIaUs1SGQEBoc="></latexit><latexit sha1_base64="v/4gku9O6D7BbrXIaUs1SGQEBoc="></latexit><latexit sha1_base64="v/4gku9O6D7BbrXIaUs1SGQEBoc="></latexit><latexit sha1_base64="v/4gku9O6D7BbrXIaUs1SGQEBoc="></latexit>

where								is	calculated	self-consistently:			x
<latexit sha1_base64="gRmdva8U9r8wYihGdLOzwwkwjp4=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBU0lEsMeCF48V7Ae0oWy2k3bp7ibsbsRS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZemAhurOd9O6WNza3tnfKuu7d/cHhUOT5pmzjVDFssFrHuhtSg4ApblluB3UQjlaHATji5zf3OI2rDY/VgpwkGko4UjzijNpfcJ9cdVKpezVuArBO/IFUo0BxUvvrDmKUSlWWCGtPzvcQGM6otZwLnbj81mFA2oSPsZVRRiSaYLW6dk4tMGZIo1lkpSxbq74kZlcZMZZh1SmrHZtXLxf+8XmqjejDjKkktKrZcFKWC2Jjkj5Mh18ismGaEMs2zWwkbU02ZzeLJQ/BXX14n7aua79X8++tqo17EUYYzOIdL8OEGGnAHTWgBgzE8wyu8OdJ5cd6dj2VrySlmTuEPnM8fgIiNLg==</latexit><latexit sha1_base64="gRmdva8U9r8wYihGdLOzwwkwjp4=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBU0lEsMeCF48V7Ae0oWy2k3bp7ibsbsRS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZemAhurOd9O6WNza3tnfKuu7d/cHhUOT5pmzjVDFssFrHuhtSg4ApblluB3UQjlaHATji5zf3OI2rDY/VgpwkGko4UjzijNpfcJ9cdVKpezVuArBO/IFUo0BxUvvrDmKUSlWWCGtPzvcQGM6otZwLnbj81mFA2oSPsZVRRiSaYLW6dk4tMGZIo1lkpSxbq74kZlcZMZZh1SmrHZtXLxf+8XmqjejDjKkktKrZcFKWC2Jjkj5Mh18ismGaEMs2zWwkbU02ZzeLJQ/BXX14n7aua79X8++tqo17EUYYzOIdL8OEGGnAHTWgBgzE8wyu8OdJ5cd6dj2VrySlmTuEPnM8fgIiNLg==</latexit><latexit sha1_base64="gRmdva8U9r8wYihGdLOzwwkwjp4=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBU0lEsMeCF48V7Ae0oWy2k3bp7ibsbsRS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZemAhurOd9O6WNza3tnfKuu7d/cHhUOT5pmzjVDFssFrHuhtSg4ApblluB3UQjlaHATji5zf3OI2rDY/VgpwkGko4UjzijNpfcJ9cdVKpezVuArBO/IFUo0BxUvvrDmKUSlWWCGtPzvcQGM6otZwLnbj81mFA2oSPsZVRRiSaYLW6dk4tMGZIo1lkpSxbq74kZlcZMZZh1SmrHZtXLxf+8XmqjejDjKkktKrZcFKWC2Jjkj5Mh18ismGaEMs2zWwkbU02ZzeLJQ/BXX14n7aua79X8++tqo17EUYYzOIdL8OEGGnAHTWgBgzE8wyu8OdJ5cd6dj2VrySlmTuEPnM8fgIiNLg==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="C0I9E/Ck+Jg4I4aHNW6Yb5uUrDc=">AAAB4HicbZDNSgMxFIXv1L86Vq1u3QSL4Kpk3OhScOOygv2BdiiZNNOGJpkhuSOWoa/gxoUiPpU738aZtgttPRD4OCch954oVdIhpd9eZWt7Z3evuu8f1A6PjusntY5LMstFmycqsb2IOaGkEW2UqEQvtYLpSIluNL0r8+6TsE4m5hFnqQg1GxsZS86wtPxn3x/WG7RJFyKbEKygASu1hvWvwSjhmRYGuWLO9QOaYpgzi5IrMfcHmRMp41M2Fv0CDdPChfli1jm5KJwRiRNbHINk4f5+kTPt3ExHxU3NcOLWs9L8L+tnGN+EuTRphsLw5UdxpggmpFycjKQVHNWsAMatLGYlfMIs41jUU5YQrK+8CZ2rZkCbwQOFKpzBOVxCANdwC/fQgjZwmMALvMG7p71X72NZV8Vb9XYKf+R9/gBs2ovi</latexit><latexit sha1_base64="C0I9E/Ck+Jg4I4aHNW6Yb5uUrDc=">AAAB4HicbZDNSgMxFIXv1L86Vq1u3QSL4Kpk3OhScOOygv2BdiiZNNOGJpkhuSOWoa/gxoUiPpU738aZtgttPRD4OCch954oVdIhpd9eZWt7Z3evuu8f1A6PjusntY5LMstFmycqsb2IOaGkEW2UqEQvtYLpSIluNL0r8+6TsE4m5hFnqQg1GxsZS86wtPxn3x/WG7RJFyKbEKygASu1hvWvwSjhmRYGuWLO9QOaYpgzi5IrMfcHmRMp41M2Fv0CDdPChfli1jm5KJwRiRNbHINk4f5+kTPt3ExHxU3NcOLWs9L8L+tnGN+EuTRphsLw5UdxpggmpFycjKQVHNWsAMatLGYlfMIs41jUU5YQrK+8CZ2rZkCbwQOFKpzBOVxCANdwC/fQgjZwmMALvMG7p71X72NZV8Vb9XYKf+R9/gBs2ovi</latexit><latexit sha1_base64="3CPApJqiwzbgPr5TkvcXc4yWyOM=">AAAB63icbVBNS8NAEJ34WeNX1aOXxSJ4KokXeyx48VjBfkAbyma7aZfubsLuRCyhf8GLB0W8+oe8+W9M2hy09cHA470ZZuaFiRQWPe/b2djc2t7Zrey5+weHR8fVk9OOjVPDeJvFMja9kFouheZtFCh5LzGcqlDybji9LfzuIzdWxPoBZwkPFB1rEQlGsZDcJ9cdVmte3VuArBO/JDUo0RpWvwajmKWKa2SSWtv3vQSDjBoUTPK5O0gtTyib0jHv51RTxW2QLW6dk8tcGZEoNnlpJAv190RGlbUzFeadiuLErnqF+J/XTzFqBJnQSYpcs+WiKJUEY1I8TkbCcIZylhPKjMhvJWxCDWWYx1OE4K++vE4613Xfq/v3Xq3ZKOOowDlcwBX4cANNuIMWtIHBBJ7hFd4c5bw4787HsnXDKWfO4A+czx9/SI0q</latexit><latexit sha1_base64="gRmdva8U9r8wYihGdLOzwwkwjp4=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBU0lEsMeCF48V7Ae0oWy2k3bp7ibsbsRS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZemAhurOd9O6WNza3tnfKuu7d/cHhUOT5pmzjVDFssFrHuhtSg4ApblluB3UQjlaHATji5zf3OI2rDY/VgpwkGko4UjzijNpfcJ9cdVKpezVuArBO/IFUo0BxUvvrDmKUSlWWCGtPzvcQGM6otZwLnbj81mFA2oSPsZVRRiSaYLW6dk4tMGZIo1lkpSxbq74kZlcZMZZh1SmrHZtXLxf+8XmqjejDjKkktKrZcFKWC2Jjkj5Mh18ismGaEMs2zWwkbU02ZzeLJQ/BXX14n7aua79X8++tqo17EUYYzOIdL8OEGGnAHTWgBgzE8wyu8OdJ5cd6dj2VrySlmTuEPnM8fgIiNLg==</latexit><latexit sha1_base64="gRmdva8U9r8wYihGdLOzwwkwjp4=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBU0lEsMeCF48V7Ae0oWy2k3bp7ibsbsRS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZemAhurOd9O6WNza3tnfKuu7d/cHhUOT5pmzjVDFssFrHuhtSg4ApblluB3UQjlaHATji5zf3OI2rDY/VgpwkGko4UjzijNpfcJ9cdVKpezVuArBO/IFUo0BxUvvrDmKUSlWWCGtPzvcQGM6otZwLnbj81mFA2oSPsZVRRiSaYLW6dk4tMGZIo1lkpSxbq74kZlcZMZZh1SmrHZtXLxf+8XmqjejDjKkktKrZcFKWC2Jjkj5Mh18ismGaEMs2zWwkbU02ZzeLJQ/BXX14n7aua79X8++tqo17EUYYzOIdL8OEGGnAHTWgBgzE8wyu8OdJ5cd6dj2VrySlmTuEPnM8fgIiNLg==</latexit><latexit sha1_base64="gRmdva8U9r8wYihGdLOzwwkwjp4=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBU0lEsMeCF48V7Ae0oWy2k3bp7ibsbsRS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZemAhurOd9O6WNza3tnfKuu7d/cHhUOT5pmzjVDFssFrHuhtSg4ApblluB3UQjlaHATji5zf3OI2rDY/VgpwkGko4UjzijNpfcJ9cdVKpezVuArBO/IFUo0BxUvvrDmKUSlWWCGtPzvcQGM6otZwLnbj81mFA2oSPsZVRRiSaYLW6dk4tMGZIo1lkpSxbq74kZlcZMZZh1SmrHZtXLxf+8XmqjejDjKkktKrZcFKWC2Jjkj5Mh18ismGaEMs2zWwkbU02ZzeLJQ/BXX14n7aua79X8++tqo17EUYYzOIdL8OEGGnAHTWgBgzE8wyu8OdJ5cd6dj2VrySlmTuEPnM8fgIiNLg==</latexit><latexit sha1_base64="gRmdva8U9r8wYihGdLOzwwkwjp4=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBU0lEsMeCF48V7Ae0oWy2k3bp7ibsbsRS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZemAhurOd9O6WNza3tnfKuu7d/cHhUOT5pmzjVDFssFrHuhtSg4ApblluB3UQjlaHATji5zf3OI2rDY/VgpwkGko4UjzijNpfcJ9cdVKpezVuArBO/IFUo0BxUvvrDmKUSlWWCGtPzvcQGM6otZwLnbj81mFA2oSPsZVRRiSaYLW6dk4tMGZIo1lkpSxbq74kZlcZMZZh1SmrHZtXLxf+8XmqjejDjKkktKrZcFKWC2Jjkj5Mh18ismGaEMs2zWwkbU02ZzeLJQ/BXX14n7aua79X8++tqo17EUYYzOIdL8OEGGnAHTWgBgzE8wyu8OdJ5cd6dj2VrySlmTuEPnM8fgIiNLg==</latexit><latexit sha1_base64="gRmdva8U9r8wYihGdLOzwwkwjp4=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBU0lEsMeCF48V7Ae0oWy2k3bp7ibsbsRS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZemAhurOd9O6WNza3tnfKuu7d/cHhUOT5pmzjVDFssFrHuhtSg4ApblluB3UQjlaHATji5zf3OI2rDY/VgpwkGko4UjzijNpfcJ9cdVKpezVuArBO/IFUo0BxUvvrDmKUSlWWCGtPzvcQGM6otZwLnbj81mFA2oSPsZVRRiSaYLW6dk4tMGZIo1lkpSxbq74kZlcZMZZh1SmrHZtXLxf+8XmqjejDjKkktKrZcFKWC2Jjkj5Mh18ismGaEMs2zWwkbU02ZzeLJQ/BXX14n7aua79X8++tqo17EUYYzOIdL8OEGGnAHTWgBgzE8wyu8OdJ5cd6dj2VrySlmTuEPnM8fgIiNLg==</latexit><latexit sha1_base64="gRmdva8U9r8wYihGdLOzwwkwjp4=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBU0lEsMeCF48V7Ae0oWy2k3bp7ibsbsRS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZemAhurOd9O6WNza3tnfKuu7d/cHhUOT5pmzjVDFssFrHuhtSg4ApblluB3UQjlaHATji5zf3OI2rDY/VgpwkGko4UjzijNpfcJ9cdVKpezVuArBO/IFUo0BxUvvrDmKUSlWWCGtPzvcQGM6otZwLnbj81mFA2oSPsZVRRiSaYLW6dk4tMGZIo1lkpSxbq74kZlcZMZZh1SmrHZtXLxf+8XmqjejDjKkktKrZcFKWC2Jjkj5Mh18ismGaEMs2zWwkbU02ZzeLJQ/BXX14n7aua79X8++tqo17EUYYzOIdL8OEGGnAHTWgBgzE8wyu8OdJ5cd6dj2VrySlmTuEPnM8fgIiNLg==</latexit>

x = hx̂iGS(Ĥ(x))
<latexit sha1_base64="+9fvLjIwsm2tMAacuBIM4sPIkaI=">AAACGnicbVDLSsNQEL2prxpfVZdugkVoNyURwS5UCi7ssqJ9QFPKze2kvfTmwb0TaQn5Djf+ihsXirgTN/6N6WOhrQcGDufMMDPHCQVXaJrfWmZldW19I7upb23v7O7l9g8aKogkgzoLRCBbDlUguA915CigFUqgniOg6QyvJ37zAaTigX+P4xA6Hu373OWMYip1c5Y+urQFuHhhDyjGo8SWvD/Aq25sI4wwvrlLClOnmhRGxWKi691c3iyZUxjLxJqTPJmj1s192r2ARR74yARVqm2ZIXZiKpEzAYluRwpCyoa0D+2U+tQD1YmnryXGSar0DDeQafloTNXfEzH1lBp7TtrpURyoRW8i/ue1I3TLnZj7YYTgs9kiNxIGBsYkJ6PHJTAU45RQJnl6q8EGVFKGaZqTEKzFl5dJ47RkmSXr9ixfKc/jyJIjckwKxCLnpEKqpEbqhJFH8kxeyZv2pL1o79rHrDWjzWcOyR9oXz9iRaBf</latexit><latexit sha1_base64="+9fvLjIwsm2tMAacuBIM4sPIkaI=">AAACGnicbVDLSsNQEL2prxpfVZdugkVoNyURwS5UCi7ssqJ9QFPKze2kvfTmwb0TaQn5Djf+ihsXirgTN/6N6WOhrQcGDufMMDPHCQVXaJrfWmZldW19I7upb23v7O7l9g8aKogkgzoLRCBbDlUguA915CigFUqgniOg6QyvJ37zAaTigX+P4xA6Hu373OWMYip1c5Y+urQFuHhhDyjGo8SWvD/Aq25sI4wwvrlLClOnmhRGxWKi691c3iyZUxjLxJqTPJmj1s192r2ARR74yARVqm2ZIXZiKpEzAYluRwpCyoa0D+2U+tQD1YmnryXGSar0DDeQafloTNXfEzH1lBp7TtrpURyoRW8i/ue1I3TLnZj7YYTgs9kiNxIGBsYkJ6PHJTAU45RQJnl6q8EGVFKGaZqTEKzFl5dJ47RkmSXr9ixfKc/jyJIjckwKxCLnpEKqpEbqhJFH8kxeyZv2pL1o79rHrDWjzWcOyR9oXz9iRaBf</latexit><latexit sha1_base64="+9fvLjIwsm2tMAacuBIM4sPIkaI=">AAACGnicbVDLSsNQEL2prxpfVZdugkVoNyURwS5UCi7ssqJ9QFPKze2kvfTmwb0TaQn5Djf+ihsXirgTN/6N6WOhrQcGDufMMDPHCQVXaJrfWmZldW19I7upb23v7O7l9g8aKogkgzoLRCBbDlUguA915CigFUqgniOg6QyvJ37zAaTigX+P4xA6Hu373OWMYip1c5Y+urQFuHhhDyjGo8SWvD/Aq25sI4wwvrlLClOnmhRGxWKi691c3iyZUxjLxJqTPJmj1s192r2ARR74yARVqm2ZIXZiKpEzAYluRwpCyoa0D+2U+tQD1YmnryXGSar0DDeQafloTNXfEzH1lBp7TtrpURyoRW8i/ue1I3TLnZj7YYTgs9kiNxIGBsYkJ6PHJTAU45RQJnl6q8EGVFKGaZqTEKzFl5dJ47RkmSXr9ixfKc/jyJIjckwKxCLnpEKqpEbqhJFH8kxeyZv2pL1o79rHrDWjzWcOyR9oXz9iRaBf</latexit><latexit sha1_base64="+9fvLjIwsm2tMAacuBIM4sPIkaI=">AAACGnicbVDLSsNQEL2prxpfVZdugkVoNyURwS5UCi7ssqJ9QFPKze2kvfTmwb0TaQn5Djf+ihsXirgTN/6N6WOhrQcGDufMMDPHCQVXaJrfWmZldW19I7upb23v7O7l9g8aKogkgzoLRCBbDlUguA915CigFUqgniOg6QyvJ37zAaTigX+P4xA6Hu373OWMYip1c5Y+urQFuHhhDyjGo8SWvD/Aq25sI4wwvrlLClOnmhRGxWKi691c3iyZUxjLxJqTPJmj1s192r2ARR74yARVqm2ZIXZiKpEzAYluRwpCyoa0D+2U+tQD1YmnryXGSar0DDeQafloTNXfEzH1lBp7TtrpURyoRW8i/ue1I3TLnZj7YYTgs9kiNxIGBsYkJ6PHJTAU45RQJnl6q8EGVFKGaZqTEKzFl5dJ47RkmSXr9ixfKc/jyJIjckwKxCLnpEKqpEbqhJFH8kxeyZv2pL1o79rHrDWjzWcOyR9oXz9iRaBf</latexit>

in		a	(non-equilibrium)	dynamical	process									has	to	be	calculated	
	at	each	time-step		

x(t)
<latexit sha1_base64="RUq0EGH+7jbjPffb+j2f47Z+6S4=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBahXkoigj0WvHisYD+gDWWz3bRLN5uwOxFL6I/w4kERr/4eb/4bkzYHbX0w8Hhvhpl5fiyFQcf5tkobm1vbO+Vde2//4PCocnzSMVGiGW+zSEa651PDpVC8jQIl78Wa09CXvOtPb3O/+8i1EZF6wFnMvZCOlQgEo5hJXfuphpe2PaxUnbqzAFknbkGqUKA1rHwNRhFLQq6QSWpM33Vi9FKqUTDJ5/YgMTymbErHvJ9RRUNuvHRx7pxcZMqIBJHOSiFZqL8nUhoaMwv9rDOkODGrXi7+5/UTDBpeKlScIFdsuShIJMGI5L+TkdCcoZxlhDItslsJm1BNGWYJ5SG4qy+vk85V3XXq7v11tdko4ijDGZxDDVy4gSbcQQvawGAKz/AKb1ZsvVjv1seytWQVM6fwB9bnDx3SjhE=</latexit><latexit sha1_base64="RUq0EGH+7jbjPffb+j2f47Z+6S4=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBahXkoigj0WvHisYD+gDWWz3bRLN5uwOxFL6I/w4kERr/4eb/4bkzYHbX0w8Hhvhpl5fiyFQcf5tkobm1vbO+Vde2//4PCocnzSMVGiGW+zSEa651PDpVC8jQIl78Wa09CXvOtPb3O/+8i1EZF6wFnMvZCOlQgEo5hJXfuphpe2PaxUnbqzAFknbkGqUKA1rHwNRhFLQq6QSWpM33Vi9FKqUTDJ5/YgMTymbErHvJ9RRUNuvHRx7pxcZMqIBJHOSiFZqL8nUhoaMwv9rDOkODGrXi7+5/UTDBpeKlScIFdsuShIJMGI5L+TkdCcoZxlhDItslsJm1BNGWYJ5SG4qy+vk85V3XXq7v11tdko4ijDGZxDDVy4gSbcQQvawGAKz/AKb1ZsvVjv1seytWQVM6fwB9bnDx3SjhE=</latexit><latexit sha1_base64="RUq0EGH+7jbjPffb+j2f47Z+6S4=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBahXkoigj0WvHisYD+gDWWz3bRLN5uwOxFL6I/w4kERr/4eb/4bkzYHbX0w8Hhvhpl5fiyFQcf5tkobm1vbO+Vde2//4PCocnzSMVGiGW+zSEa651PDpVC8jQIl78Wa09CXvOtPb3O/+8i1EZF6wFnMvZCOlQgEo5hJXfuphpe2PaxUnbqzAFknbkGqUKA1rHwNRhFLQq6QSWpM33Vi9FKqUTDJ5/YgMTymbErHvJ9RRUNuvHRx7pxcZMqIBJHOSiFZqL8nUhoaMwv9rDOkODGrXi7+5/UTDBpeKlScIFdsuShIJMGI5L+TkdCcoZxlhDItslsJm1BNGWYJ5SG4qy+vk85V3XXq7v11tdko4ijDGZxDDVy4gSbcQQvawGAKz/AKb1ZsvVjv1seytWQVM6fwB9bnDx3SjhE=</latexit><latexit sha1_base64="RUq0EGH+7jbjPffb+j2f47Z+6S4=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBahXkoigj0WvHisYD+gDWWz3bRLN5uwOxFL6I/w4kERr/4eb/4bkzYHbX0w8Hhvhpl5fiyFQcf5tkobm1vbO+Vde2//4PCocnzSMVGiGW+zSEa651PDpVC8jQIl78Wa09CXvOtPb3O/+8i1EZF6wFnMvZCOlQgEo5hJXfuphpe2PaxUnbqzAFknbkGqUKA1rHwNRhFLQq6QSWpM33Vi9FKqUTDJ5/YgMTymbErHvJ9RRUNuvHRx7pxcZMqIBJHOSiFZqL8nUhoaMwv9rDOkODGrXi7+5/UTDBpeKlScIFdsuShIJMGI5L+TkdCcoZxlhDItslsJm1BNGWYJ5SG4qy+vk85V3XXq7v11tdko4ijDGZxDDVy4gSbcQQvawGAKz/AKb1ZsvVjv1seytWQVM6fwB9bnDx3SjhE=</latexit>



Large	U-limit,	one	dimension	

Ĥ(x) = �T
LX

j=1

⇣
â
†
j âj+1 + âj â

†
j+1

⌘
+ "Lx

2 �
X

j even

(µ+ 2"x)â†j âj �
X

j odd

(µ� 2"x)â†j âj
<latexit sha1_base64="qIRXR0MudS5QWmCGzsgpt6whYck=">AAAC8XicjVJNaxsxENVuP5Juv5z22IuoKdiYmF1TaKEEAr3kkEMKcRKwbCNrZ205Wu0iaY3Non/RSw8tpdf+m976byqvt8RxeuiA4PHmPc1oRpNccG3C8Lfn37v/4OHe/qPg8ZOnz543Dl5c6KxQDPosE5m6mlANgkvoG24EXOUKaDoRcDm5/rjOXy5AaZ7Jc7PKYZjSqeQJZ9Q4anzg7ZEZNeWJbS3bR8EhSamZMSrKc0t0kY 7L+VFkR6eYCEhMq5JS61g7IjGdTkHdUJ3IdoItxa3MqKz1lig+nZl2hyyoglxzkUl8ipejsmdd+U1N8gEWIG2LpEWnty1ctv/eOt9tYI4DfOPP4riyH/63fdxoht2wCnwXRDVoojrOxo1fJM5YkYI0TFCtB1GYm2FJleFMgA1IoSGn7JpOYeCgpCnoYVltzOI3jolxkil3pMEVu+0oaar1Kp045Xojeje3Jv+VGxQmeT8sucwLA5JtCiWFwCbD6/XjmCtgRqwcoExx1ytmM6ooM+6TBG4I0e6T74KLXjcKu9Gnt83jXj2OffQKvUYtFKF36BidoDPUR8yT3mfvq/fN1/4X/7v/YyP1vdrzEt0K/+cfgHjweQ==</latexit><latexit sha1_base64="qIRXR0MudS5QWmCGzsgpt6whYck=">AAAC8XicjVJNaxsxENVuP5Juv5z22IuoKdiYmF1TaKEEAr3kkEMKcRKwbCNrZ205Wu0iaY3Non/RSw8tpdf+m976byqvt8RxeuiA4PHmPc1oRpNccG3C8Lfn37v/4OHe/qPg8ZOnz543Dl5c6KxQDPosE5m6mlANgkvoG24EXOUKaDoRcDm5/rjOXy5AaZ7Jc7PKYZjSqeQJZ9Q4anzg7ZEZNeWJbS3bR8EhSamZMSrKc0t0kY 7L+VFkR6eYCEhMq5JS61g7IjGdTkHdUJ3IdoItxa3MqKz1lig+nZl2hyyoglxzkUl8ipejsmdd+U1N8gEWIG2LpEWnty1ctv/eOt9tYI4DfOPP4riyH/63fdxoht2wCnwXRDVoojrOxo1fJM5YkYI0TFCtB1GYm2FJleFMgA1IoSGn7JpOYeCgpCnoYVltzOI3jolxkil3pMEVu+0oaar1Kp045Xojeje3Jv+VGxQmeT8sucwLA5JtCiWFwCbD6/XjmCtgRqwcoExx1ytmM6ooM+6TBG4I0e6T74KLXjcKu9Gnt83jXj2OffQKvUYtFKF36BidoDPUR8yT3mfvq/fN1/4X/7v/YyP1vdrzEt0K/+cfgHjweQ==</latexit><latexit sha1_base64="qIRXR0MudS5QWmCGzsgpt6whYck=">AAAC8XicjVJNaxsxENVuP5Juv5z22IuoKdiYmF1TaKEEAr3kkEMKcRKwbCNrZ205Wu0iaY3Non/RSw8tpdf+m976byqvt8RxeuiA4PHmPc1oRpNccG3C8Lfn37v/4OHe/qPg8ZOnz543Dl5c6KxQDPosE5m6mlANgkvoG24EXOUKaDoRcDm5/rjOXy5AaZ7Jc7PKYZjSqeQJZ9Q4anzg7ZEZNeWJbS3bR8EhSamZMSrKc0t0kY 7L+VFkR6eYCEhMq5JS61g7IjGdTkHdUJ3IdoItxa3MqKz1lig+nZl2hyyoglxzkUl8ipejsmdd+U1N8gEWIG2LpEWnty1ctv/eOt9tYI4DfOPP4riyH/63fdxoht2wCnwXRDVoojrOxo1fJM5YkYI0TFCtB1GYm2FJleFMgA1IoSGn7JpOYeCgpCnoYVltzOI3jolxkil3pMEVu+0oaar1Kp045Xojeje3Jv+VGxQmeT8sucwLA5JtCiWFwCbD6/XjmCtgRqwcoExx1ytmM6ooM+6TBG4I0e6T74KLXjcKu9Gnt83jXj2OffQKvUYtFKF36BidoDPUR8yT3mfvq/fN1/4X/7v/YyP1vdrzEt0K/+cfgHjweQ==</latexit><latexit sha1_base64="qIRXR0MudS5QWmCGzsgpt6whYck=">AAAC8XicjVJNaxsxENVuP5Juv5z22IuoKdiYmF1TaKEEAr3kkEMKcRKwbCNrZ205Wu0iaY3Non/RSw8tpdf+m976byqvt8RxeuiA4PHmPc1oRpNccG3C8Lfn37v/4OHe/qPg8ZOnz543Dl5c6KxQDPosE5m6mlANgkvoG24EXOUKaDoRcDm5/rjOXy5AaZ7Jc7PKYZjSqeQJZ9Q4anzg7ZEZNeWJbS3bR8EhSamZMSrKc0t0kY 7L+VFkR6eYCEhMq5JS61g7IjGdTkHdUJ3IdoItxa3MqKz1lig+nZl2hyyoglxzkUl8ipejsmdd+U1N8gEWIG2LpEWnty1ctv/eOt9tYI4DfOPP4riyH/63fdxoht2wCnwXRDVoojrOxo1fJM5YkYI0TFCtB1GYm2FJleFMgA1IoSGn7JpOYeCgpCnoYVltzOI3jolxkil3pMEVu+0oaar1Kp045Xojeje3Jv+VGxQmeT8sucwLA5JtCiWFwCbD6/XjmCtgRqwcoExx1ytmM6ooM+6TBG4I0e6T74KLXjcKu9Gnt83jXj2OffQKvUYtFKF36BidoDPUR8yT3mfvq/fN1/4X/7v/YyP1vdrzEt0K/+cfgHjweQ==</latexit>

Excluding	multiple	site	occupancies,																hard-core	Bose	operators	â†j , âj
<latexit sha1_base64="tyNe35I6569r3SckQgacmz9ciig=">AAACCnicbVDLSsNAFJ3UV62vqEs30SK4kJKIYJcFNy4r2Ac0MdxMJunYyYOZiVBC1m78FTcuFHHrF7jzb5y2WdTWAxcO59zLvfd4KaNCmuaPVllZXVvfqG7WtrZ3dvf0/YOuSDKOSQcnLOF9DwRhNCYdSSUj/ZQTiDxGet7oeuL3HgkXNInv5DglTgRhTAOKQSrJ1Y/tIcgcCjd/KO5z24cwJLw4n1NdvW42zCmMZWKVpI5KtF392/YTnEUklpiBEAPLTKWTA5cUM1LU7EyQFPAIQjJQNIaICCefvlIYp0rxjSDhqmJpTNX5iRwiIcaRpzojkEOx6E3E/7xBJoOmk9M4zSSJ8WxRkDFDJsYkF8OnnGDJxooA5lTdauAhcMBSpVdTIViLLy+T7kXDMhvW7WW91SzjqKIjdILOkIWuUAvdoDbqIIye0At6Q+/as/aqfWifs9aKVs4coj/Qvn4B3rqbmQ==</latexit><latexit sha1_base64="tyNe35I6569r3SckQgacmz9ciig=">AAACCnicbVDLSsNAFJ3UV62vqEs30SK4kJKIYJcFNy4r2Ac0MdxMJunYyYOZiVBC1m78FTcuFHHrF7jzb5y2WdTWAxcO59zLvfd4KaNCmuaPVllZXVvfqG7WtrZ3dvf0/YOuSDKOSQcnLOF9DwRhNCYdSSUj/ZQTiDxGet7oeuL3HgkXNInv5DglTgRhTAOKQSrJ1Y/tIcgcCjd/KO5z24cwJLw4n1NdvW42zCmMZWKVpI5KtF392/YTnEUklpiBEAPLTKWTA5cUM1LU7EyQFPAIQjJQNIaICCefvlIYp0rxjSDhqmJpTNX5iRwiIcaRpzojkEOx6E3E/7xBJoOmk9M4zSSJ8WxRkDFDJsYkF8OnnGDJxooA5lTdauAhcMBSpVdTIViLLy+T7kXDMhvW7WW91SzjqKIjdILOkIWuUAvdoDbqIIye0At6Q+/as/aqfWifs9aKVs4coj/Qvn4B3rqbmQ==</latexit><latexit sha1_base64="tyNe35I6569r3SckQgacmz9ciig=">AAACCnicbVDLSsNAFJ3UV62vqEs30SK4kJKIYJcFNy4r2Ac0MdxMJunYyYOZiVBC1m78FTcuFHHrF7jzb5y2WdTWAxcO59zLvfd4KaNCmuaPVllZXVvfqG7WtrZ3dvf0/YOuSDKOSQcnLOF9DwRhNCYdSSUj/ZQTiDxGet7oeuL3HgkXNInv5DglTgRhTAOKQSrJ1Y/tIcgcCjd/KO5z24cwJLw4n1NdvW42zCmMZWKVpI5KtF392/YTnEUklpiBEAPLTKWTA5cUM1LU7EyQFPAIQjJQNIaICCefvlIYp0rxjSDhqmJpTNX5iRwiIcaRpzojkEOx6E3E/7xBJoOmk9M4zSSJ8WxRkDFDJsYkF8OnnGDJxooA5lTdauAhcMBSpVdTIViLLy+T7kXDMhvW7WW91SzjqKIjdILOkIWuUAvdoDbqIIye0At6Q+/as/aqfWifs9aKVs4coj/Qvn4B3rqbmQ==</latexit><latexit sha1_base64="tyNe35I6569r3SckQgacmz9ciig=">AAACCnicbVDLSsNAFJ3UV62vqEs30SK4kJKIYJcFNy4r2Ac0MdxMJunYyYOZiVBC1m78FTcuFHHrF7jzb5y2WdTWAxcO59zLvfd4KaNCmuaPVllZXVvfqG7WtrZ3dvf0/YOuSDKOSQcnLOF9DwRhNCYdSSUj/ZQTiDxGet7oeuL3HgkXNInv5DglTgRhTAOKQSrJ1Y/tIcgcCjd/KO5z24cwJLw4n1NdvW42zCmMZWKVpI5KtF392/YTnEUklpiBEAPLTKWTA5cUM1LU7EyQFPAIQjJQNIaICCefvlIYp0rxjSDhqmJpTNX5iRwiIcaRpzojkEOx6E3E/7xBJoOmk9M4zSSJ8WxRkDFDJsYkF8OnnGDJxooA5lTdauAhcMBSpVdTIViLLy+T7kXDMhvW7WW91SzjqKIjdILOkIWuUAvdoDbqIIye0At6Q+/as/aqfWifs9aKVs4coj/Qvn4B3rqbmQ==</latexit>

Jordan-Wigner	transformation,	followed	by	Fourier	transformation:	

Ĥ(x) = �
X
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(c†k, c
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k�⇡)

✓
↵k �k

�k �k

◆✓
ck

ck�⇡

◆
+ 2"x2

<latexit sha1_base64="NfP7g4XEK/aIrIJQFIWK2Cp8HuA="></latexit><latexit sha1_base64="NfP7g4XEK/aIrIJQFIWK2Cp8HuA="></latexit><latexit sha1_base64="NfP7g4XEK/aIrIJQFIWK2Cp8HuA="></latexit><latexit sha1_base64="NfP7g4XEK/aIrIJQFIWK2Cp8HuA="></latexit>

c†k, ck
<latexit sha1_base64="CmtEUDGgIkZ3PutpgNCPMPlSPrU=">AAAB+HicbZDLSsNAFIZPvNZ6adSlm8EiuJCSiGCXBTcuK9gLtDFMJpN06GQSZiZCDX0SNy4UceujuPNtnLZZaOsPAx//OYdz5g8yzpR2nG9rbX1jc2u7slPd3ds/qNmHR12V5pLQDkl5KvsBVpQzQTuaaU77maQ4CTjtBeObWb33SKViqbjXk4x6CY4FixjB2li+XSP++GEY4jim8sKwb9edhjMXWgW3hDqUavv21zBMSZ5QoQnHSg1cJ9NegaVmhNNpdZgrmmEyxjEdGBQ4ocor5odP0ZlxQhSl0jyh0dz9PVHgRKlJEpjOBOuRWq7NzP9qg1xHTa9gIss1FWSxKMo50imapYBCJinRfGIAE8nMrYiMsMREm6yqJgR3+cur0L1suE7Dvbuqt5plHBU4gVM4BxeuoQW30IYOEMjhGV7hzXqyXqx362PRumaVM8fwR9bnD2ibkuE=</latexit><latexit sha1_base64="CmtEUDGgIkZ3PutpgNCPMPlSPrU=">AAAB+HicbZDLSsNAFIZPvNZ6adSlm8EiuJCSiGCXBTcuK9gLtDFMJpN06GQSZiZCDX0SNy4UceujuPNtnLZZaOsPAx//OYdz5g8yzpR2nG9rbX1jc2u7slPd3ds/qNmHR12V5pLQDkl5KvsBVpQzQTuaaU77maQ4CTjtBeObWb33SKViqbjXk4x6CY4FixjB2li+XSP++GEY4jim8sKwb9edhjMXWgW3hDqUavv21zBMSZ5QoQnHSg1cJ9NegaVmhNNpdZgrmmEyxjEdGBQ4ocor5odP0ZlxQhSl0jyh0dz9PVHgRKlJEpjOBOuRWq7NzP9qg1xHTa9gIss1FWSxKMo50imapYBCJinRfGIAE8nMrYiMsMREm6yqJgR3+cur0L1suE7Dvbuqt5plHBU4gVM4BxeuoQW30IYOEMjhGV7hzXqyXqx362PRumaVM8fwR9bnD2ibkuE=</latexit><latexit sha1_base64="CmtEUDGgIkZ3PutpgNCPMPlSPrU=">AAAB+HicbZDLSsNAFIZPvNZ6adSlm8EiuJCSiGCXBTcuK9gLtDFMJpN06GQSZiZCDX0SNy4UceujuPNtnLZZaOsPAx//OYdz5g8yzpR2nG9rbX1jc2u7slPd3ds/qNmHR12V5pLQDkl5KvsBVpQzQTuaaU77maQ4CTjtBeObWb33SKViqbjXk4x6CY4FixjB2li+XSP++GEY4jim8sKwb9edhjMXWgW3hDqUavv21zBMSZ5QoQnHSg1cJ9NegaVmhNNpdZgrmmEyxjEdGBQ4ocor5odP0ZlxQhSl0jyh0dz9PVHgRKlJEpjOBOuRWq7NzP9qg1xHTa9gIss1FWSxKMo50imapYBCJinRfGIAE8nMrYiMsMREm6yqJgR3+cur0L1suE7Dvbuqt5plHBU4gVM4BxeuoQW30IYOEMjhGV7hzXqyXqx362PRumaVM8fwR9bnD2ibkuE=</latexit><latexit sha1_base64="CmtEUDGgIkZ3PutpgNCPMPlSPrU=">AAAB+HicbZDLSsNAFIZPvNZ6adSlm8EiuJCSiGCXBTcuK9gLtDFMJpN06GQSZiZCDX0SNy4UceujuPNtnLZZaOsPAx//OYdz5g8yzpR2nG9rbX1jc2u7slPd3ds/qNmHR12V5pLQDkl5KvsBVpQzQTuaaU77maQ4CTjtBeObWb33SKViqbjXk4x6CY4FixjB2li+XSP++GEY4jim8sKwb9edhjMXWgW3hDqUavv21zBMSZ5QoQnHSg1cJ9NegaVmhNNpdZgrmmEyxjEdGBQ4ocor5odP0ZlxQhSl0jyh0dz9PVHgRKlJEpjOBOuRWq7NzP9qg1xHTa9gIss1FWSxKMo50imapYBCJinRfGIAE8nMrYiMsMREm6yqJgR3+cur0L1suE7Dvbuqt5plHBU4gVM4BxeuoQW30IYOEMjhGV7hzXqyXqx362PRumaVM8fwR9bnD2ibkuE=</latexit>

With												fermion	operators,		

k = (2n� 1) · ⇡/L, n = 1, 2, . . . , L/2,

↵k = µ+ 2T cos(k), �k = µ� 2T cos(k), � = 2"x
<latexit sha1_base64="f8ICCmxRySsAVMUvafRo2OfyMtU="></latexit><latexit sha1_base64="f8ICCmxRySsAVMUvafRo2OfyMtU="></latexit><latexit sha1_base64="f8ICCmxRySsAVMUvafRo2OfyMtU="></latexit><latexit sha1_base64="f8ICCmxRySsAVMUvafRo2OfyMtU="></latexit>



The	k	and	the																modes	can	be	decoupled:			k � ⇡
<latexit sha1_base64="nYvZXwiMsWIfrXUFD23HmSS0eok=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURwR4LXjxWMG2hDWWznbRLN5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlRwbVz32yltbG5t75R3K3v7B4dH1eOTtk4yxdBniUhUN6QaBZfoG24EdlOFNA4FdsLJ3dzvPKHSPJGPZppiENOR5BFn1FjJn1z1Uz6o1ty6uwBZJ15BalCgNah+9YcJy2KUhgmqdc9zUxPkVBnOBM4q/UxjStmEjrBnqaQx6iBfHDsjF1YZkihRtqQhC/X3RE5jradxaDtjasZ61ZuL/3m9zESNIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSvq57bt17uKk1G0UcZTiDc7gED26hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz9/L45v</latexit><latexit sha1_base64="nYvZXwiMsWIfrXUFD23HmSS0eok=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURwR4LXjxWMG2hDWWznbRLN5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlRwbVz32yltbG5t75R3K3v7B4dH1eOTtk4yxdBniUhUN6QaBZfoG24EdlOFNA4FdsLJ3dzvPKHSPJGPZppiENOR5BFn1FjJn1z1Uz6o1ty6uwBZJ15BalCgNah+9YcJy2KUhgmqdc9zUxPkVBnOBM4q/UxjStmEjrBnqaQx6iBfHDsjF1YZkihRtqQhC/X3RE5jradxaDtjasZ61ZuL/3m9zESNIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSvq57bt17uKk1G0UcZTiDc7gED26hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz9/L45v</latexit><latexit sha1_base64="nYvZXwiMsWIfrXUFD23HmSS0eok=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURwR4LXjxWMG2hDWWznbRLN5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlRwbVz32yltbG5t75R3K3v7B4dH1eOTtk4yxdBniUhUN6QaBZfoG24EdlOFNA4FdsLJ3dzvPKHSPJGPZppiENOR5BFn1FjJn1z1Uz6o1ty6uwBZJ15BalCgNah+9YcJy2KUhgmqdc9zUxPkVBnOBM4q/UxjStmEjrBnqaQx6iBfHDsjF1YZkihRtqQhC/X3RE5jradxaDtjasZ61ZuL/3m9zESNIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSvq57bt17uKk1G0UcZTiDc7gED26hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz9/L45v</latexit><latexit sha1_base64="nYvZXwiMsWIfrXUFD23HmSS0eok=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURwR4LXjxWMG2hDWWznbRLN5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlRwbVz32yltbG5t75R3K3v7B4dH1eOTtk4yxdBniUhUN6QaBZfoG24EdlOFNA4FdsLJ3dzvPKHSPJGPZppiENOR5BFn1FjJn1z1Uz6o1ty6uwBZJ15BalCgNah+9YcJy2KUhgmqdc9zUxPkVBnOBM4q/UxjStmEjrBnqaQx6iBfHDsjF1YZkihRtqQhC/X3RE5jradxaDtjasZ61ZuL/3m9zESNIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSvq57bt17uKk1G0UcZTiDc7gED26hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz9/L45v</latexit>

Ĥ(x) =
X
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<latexit sha1_base64="BPnr0aSadCBXuUxZJMGmPgFGfrQ="></latexit><latexit sha1_base64="BPnr0aSadCBXuUxZJMGmPgFGfrQ="></latexit><latexit sha1_base64="BPnr0aSadCBXuUxZJMGmPgFGfrQ="></latexit><latexit sha1_base64="BPnr0aSadCBXuUxZJMGmPgFGfrQ="></latexit>

With	energy	of	eigenmodes:	

⇤k = �µ� �k, ⇤k�⇡ = �µ+ �k, �k = (T 2 cos2(k) + "2x2)1/2
<latexit sha1_base64="T+GpKFdZAAWzSUlH4c5NBOIQW7o="></latexit><latexit sha1_base64="T+GpKFdZAAWzSUlH4c5NBOIQW7o="></latexit><latexit sha1_base64="T+GpKFdZAAWzSUlH4c5NBOIQW7o="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="pp6ZWs/f8CD5QwMBKYsylS7U+PQ="></latexit><latexit sha1_base64="pp6ZWs/f8CD5QwMBKYsylS7U+PQ="></latexit><latexit sha1_base64="pX93Txs2F4DYzBReHr2Uj5zzRfY="></latexit><latexit sha1_base64="T+GpKFdZAAWzSUlH4c5NBOIQW7o="></latexit><latexit sha1_base64="T+GpKFdZAAWzSUlH4c5NBOIQW7o="></latexit><latexit sha1_base64="T+GpKFdZAAWzSUlH4c5NBOIQW7o="></latexit><latexit sha1_base64="T+GpKFdZAAWzSUlH4c5NBOIQW7o="></latexit><latexit sha1_base64="T+GpKFdZAAWzSUlH4c5NBOIQW7o="></latexit><latexit sha1_base64="T+GpKFdZAAWzSUlH4c5NBOIQW7o="></latexit>

�k = �⇡�k,
<latexit sha1_base64="dH8b1JMRlWPSit4MKXro9fY4Kbo=">AAACA3icbVDLSsNAFL2pr1pfUXe6GSyCCy2JCHYjFNy4rGAf0IQwmUzaoZMHMxOhhIIbf8WNC0Xc+hPu/BunbQRtPTBwOOdc7tzjp5xJZVlfRmlpeWV1rbxe2djc2t4xd/faMskEoS2S8ER0fSwpZzFtKaY47aaC4sjntOMPryd+554KyZL4To1S6ka4H7OQEay05JkHDtfhAHvDqx+WOyk7G45PPbNq1awp0CKxC1KFAk3P/H SChGQRjRXhWMqebaXKzbFQjHA6rjiZpCkmQ9ynPU1jHFHp5tMbxuhYKwEKE6FfrNBU/T2R40jKUeTrZITVQM57E/E/r5epsO7mLE4zRWMyWxRmHKkETQpBAROUKD7SBBPB9F8RGWCBidK1VXQJ9vzJi6R9XrOtmn17UW3UizrKcAhHcAI2XEIDbqAJLSDwAE/wAq/Go/FsvBnvs2jJKGb24Q+Mj2+hvJd2</latexit><latexit sha1_base64="dH8b1JMRlWPSit4MKXro9fY4Kbo=">AAACA3icbVDLSsNAFL2pr1pfUXe6GSyCCy2JCHYjFNy4rGAf0IQwmUzaoZMHMxOhhIIbf8WNC0Xc+hPu/BunbQRtPTBwOOdc7tzjp5xJZVlfRmlpeWV1rbxe2djc2t4xd/faMskEoS2S8ER0fSwpZzFtKaY47aaC4sjntOMPryd+554KyZL4To1S6ka4H7OQEay05JkHDtfhAHvDqx+WOyk7G45PPbNq1awp0CKxC1KFAk3P/H SChGQRjRXhWMqebaXKzbFQjHA6rjiZpCkmQ9ynPU1jHFHp5tMbxuhYKwEKE6FfrNBU/T2R40jKUeTrZITVQM57E/E/r5epsO7mLE4zRWMyWxRmHKkETQpBAROUKD7SBBPB9F8RGWCBidK1VXQJ9vzJi6R9XrOtmn17UW3UizrKcAhHcAI2XEIDbqAJLSDwAE/wAq/Go/FsvBnvs2jJKGb24Q+Mj2+hvJd2</latexit><latexit sha1_base64="dH8b1JMRlWPSit4MKXro9fY4Kbo=">AAACA3icbVDLSsNAFL2pr1pfUXe6GSyCCy2JCHYjFNy4rGAf0IQwmUzaoZMHMxOhhIIbf8WNC0Xc+hPu/BunbQRtPTBwOOdc7tzjp5xJZVlfRmlpeWV1rbxe2djc2t4xd/faMskEoS2S8ER0fSwpZzFtKaY47aaC4sjntOMPryd+554KyZL4To1S6ka4H7OQEay05JkHDtfhAHvDqx+WOyk7G45PPbNq1awp0CKxC1KFAk3P/H SChGQRjRXhWMqebaXKzbFQjHA6rjiZpCkmQ9ynPU1jHFHp5tMbxuhYKwEKE6FfrNBU/T2R40jKUeTrZITVQM57E/E/r5epsO7mLE4zRWMyWxRmHKkETQpBAROUKD7SBBPB9F8RGWCBidK1VXQJ9vzJi6R9XrOtmn17UW3UizrKcAhHcAI2XEIDbqAJLSDwAE/wAq/Go/FsvBnvs2jJKGb24Q+Mj2+hvJd2</latexit><latexit sha1_base64="dH8b1JMRlWPSit4MKXro9fY4Kbo=">AAACA3icbVDLSsNAFL2pr1pfUXe6GSyCCy2JCHYjFNy4rGAf0IQwmUzaoZMHMxOhhIIbf8WNC0Xc+hPu/BunbQRtPTBwOOdc7tzjp5xJZVlfRmlpeWV1rbxe2djc2t4xd/faMskEoS2S8ER0fSwpZzFtKaY47aaC4sjntOMPryd+554KyZL4To1S6ka4H7OQEay05JkHDtfhAHvDqx+WOyk7G45PPbNq1awp0CKxC1KFAk3P/H SChGQRjRXhWMqebaXKzbFQjHA6rjiZpCkmQ9ynPU1jHFHp5tMbxuhYKwEKE6FfrNBU/T2R40jKUeTrZITVQM57E/E/r5epsO7mLE4zRWMyWxRmHKkETQpBAROUKD7SBBPB9F8RGWCBidK1VXQJ9vzJi6R9XrOtmn17UW3UizrKcAhHcAI2XEIDbqAJLSDwAE/wAq/Go/FsvBnvs2jJKGb24Q+Mj2+hvJd2</latexit>

thus	it	is	enough	to	consider		0 < k < ⇡/2
<latexit sha1_base64="3rJMTEsCSm2X8Gil9eg/wNh9ZH0=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tFoNgFe+CYAqLgI1lBPMByRH2NpNkyd7eubsXCEd+h42FIrb+GDv/jZvkCk18MPB4b4aZeUEsuDau++3kNja3tnfyu4W9/YPDo+LxSVNHiWLYYJGIVDugGgWX2DDcCGzHCmkYCGwF47u535qg0jySj2Yaox/SoeQDzqixku+SWzK21Y35VaVXLLlldwGyTryMlCBDvVf86vYjloQoDRNU647nxsZPqTKcCZwVuonGmLIxHWLHUklD1H66OHpGLqzSJ4NI2ZKGLNTfEykNtZ6Gge0MqRnpVW8u/ud1EjOo+imXcWJQsuWiQSKIicg8AdLnCpkRU0soU9zeStiIKsqMzalgQ/BWX14nzUrZc8vew3WpVs3iyMMZnMMleHADNbiHOjSAwRM8wyu8ORPnxXl3PpatOSebOYU/cD5/AMQikBs=</latexit><latexit sha1_base64="3rJMTEsCSm2X8Gil9eg/wNh9ZH0=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tFoNgFe+CYAqLgI1lBPMByRH2NpNkyd7eubsXCEd+h42FIrb+GDv/jZvkCk18MPB4b4aZeUEsuDau++3kNja3tnfyu4W9/YPDo+LxSVNHiWLYYJGIVDugGgWX2DDcCGzHCmkYCGwF47u535qg0jySj2Yaox/SoeQDzqixku+SWzK21Y35VaVXLLlldwGyTryMlCBDvVf86vYjloQoDRNU647nxsZPqTKcCZwVuonGmLIxHWLHUklD1H66OHpGLqzSJ4NI2ZKGLNTfEykNtZ6Gge0MqRnpVW8u/ud1EjOo+imXcWJQsuWiQSKIicg8AdLnCpkRU0soU9zeStiIKsqMzalgQ/BWX14nzUrZc8vew3WpVs3iyMMZnMMleHADNbiHOjSAwRM8wyu8ORPnxXl3PpatOSebOYU/cD5/AMQikBs=</latexit><latexit sha1_base64="3rJMTEsCSm2X8Gil9eg/wNh9ZH0=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tFoNgFe+CYAqLgI1lBPMByRH2NpNkyd7eubsXCEd+h42FIrb+GDv/jZvkCk18MPB4b4aZeUEsuDau++3kNja3tnfyu4W9/YPDo+LxSVNHiWLYYJGIVDugGgWX2DDcCGzHCmkYCGwF47u535qg0jySj2Yaox/SoeQDzqixku+SWzK21Y35VaVXLLlldwGyTryMlCBDvVf86vYjloQoDRNU647nxsZPqTKcCZwVuonGmLIxHWLHUklD1H66OHpGLqzSJ4NI2ZKGLNTfEykNtZ6Gge0MqRnpVW8u/ud1EjOo+imXcWJQsuWiQSKIicg8AdLnCpkRU0soU9zeStiIKsqMzalgQ/BWX14nzUrZc8vew3WpVs3iyMMZnMMleHADNbiHOjSAwRM8wyu8ORPnxXl3PpatOSebOYU/cD5/AMQikBs=</latexit><latexit sha1_base64="3rJMTEsCSm2X8Gil9eg/wNh9ZH0=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tFoNgFe+CYAqLgI1lBPMByRH2NpNkyd7eubsXCEd+h42FIrb+GDv/jZvkCk18MPB4b4aZeUEsuDau++3kNja3tnfyu4W9/YPDo+LxSVNHiWLYYJGIVDugGgWX2DDcCGzHCmkYCGwF47u535qg0jySj2Yaox/SoeQDzqixku+SWzK21Y35VaVXLLlldwGyTryMlCBDvVf86vYjloQoDRNU647nxsZPqTKcCZwVuonGmLIxHWLHUklD1H66OHpGLqzSJ4NI2ZKGLNTfEykNtZ6Gge0MqRnpVW8u/ud1EjOo+imXcWJQsuWiQSKIicg8AdLnCpkRU0soU9zeStiIKsqMzalgQ/BWX14nzUrZc8vew3WpVs3iyMMZnMMleHADNbiHOjSAwRM8wyu8ORPnxXl3PpatOSebOYU/cD5/AMQikBs=</latexit>
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One	state	is	characterized	by	
D
⌘̂†k⌘̂k

E

km

= 1
<latexit sha1_base64="ZpoaYznok6DrM8MkLZ2Svwt6bXY=">AAACJnicbVDLSgNBEJz1bXxFPXpZDIKnsCuCOagIXjwqGBWycemd9G6GzD6Y6RXCsF/jxV/x4kER8eanOIk5+CpoKKq66e6KCik0ed67MzU9Mzs3v7BYW1peWV2rr29c6bxUHNs8l7m6iUCjFBm2SZDEm0IhpJHE62hwOvKv71BpkWeXNCywm0KSiVhwICuF9aNAYkyHQR/IBEhQhWZQ3ZqgB0mCqvqpB0okfToOjRmEaVUd+WG94TW9Mdy/xJ+QBpvgPKw/B72clylmxCVo3fG9groGFAkusaoFpcYC+AAS7FiaQYq6a8ZvVu6OVXpunCtbGblj9fuEgVTrYRrZzhSor397I/E/r1NS3OoakRUlYca/FsWldCl3R5m5PaGQkxxaAlwJe6vL+6CAk022ZkPwf7/8l1ztNX2v6V/sN05akzgW2BbbZrvMZwfshJ2xc9ZmnN2zR/bMXpwH58l5dd6+Wqecycwm+wHn4xP7qafg</latexit><latexit sha1_base64="ZpoaYznok6DrM8MkLZ2Svwt6bXY=">AAACJnicbVDLSgNBEJz1bXxFPXpZDIKnsCuCOagIXjwqGBWycemd9G6GzD6Y6RXCsF/jxV/x4kER8eanOIk5+CpoKKq66e6KCik0ed67MzU9Mzs3v7BYW1peWV2rr29c6bxUHNs8l7m6iUCjFBm2SZDEm0IhpJHE62hwOvKv71BpkWeXNCywm0KSiVhwICuF9aNAYkyHQR/IBEhQhWZQ3ZqgB0mCqvqpB0okfToOjRmEaVUd+WG94TW9Mdy/xJ+QBpvgPKw/B72clylmxCVo3fG9groGFAkusaoFpcYC+AAS7FiaQYq6a8ZvVu6OVXpunCtbGblj9fuEgVTrYRrZzhSor397I/E/r1NS3OoakRUlYca/FsWldCl3R5m5PaGQkxxaAlwJe6vL+6CAk022ZkPwf7/8l1ztNX2v6V/sN05akzgW2BbbZrvMZwfshJ2xc9ZmnN2zR/bMXpwH58l5dd6+Wqecycwm+wHn4xP7qafg</latexit><latexit sha1_base64="ZpoaYznok6DrM8MkLZ2Svwt6bXY=">AAACJnicbVDLSgNBEJz1bXxFPXpZDIKnsCuCOagIXjwqGBWycemd9G6GzD6Y6RXCsF/jxV/x4kER8eanOIk5+CpoKKq66e6KCik0ed67MzU9Mzs3v7BYW1peWV2rr29c6bxUHNs8l7m6iUCjFBm2SZDEm0IhpJHE62hwOvKv71BpkWeXNCywm0KSiVhwICuF9aNAYkyHQR/IBEhQhWZQ3ZqgB0mCqvqpB0okfToOjRmEaVUd+WG94TW9Mdy/xJ+QBpvgPKw/B72clylmxCVo3fG9groGFAkusaoFpcYC+AAS7FiaQYq6a8ZvVu6OVXpunCtbGblj9fuEgVTrYRrZzhSor397I/E/r1NS3OoakRUlYca/FsWldCl3R5m5PaGQkxxaAlwJe6vL+6CAk022ZkPwf7/8l1ztNX2v6V/sN05akzgW2BbbZrvMZwfshJ2xc9ZmnN2zR/bMXpwH58l5dd6+Wqecycwm+wHn4xP7qafg</latexit><latexit sha1_base64="ZpoaYznok6DrM8MkLZ2Svwt6bXY=">AAACJnicbVDLSgNBEJz1bXxFPXpZDIKnsCuCOagIXjwqGBWycemd9G6GzD6Y6RXCsF/jxV/x4kER8eanOIk5+CpoKKq66e6KCik0ed67MzU9Mzs3v7BYW1peWV2rr29c6bxUHNs8l7m6iUCjFBm2SZDEm0IhpJHE62hwOvKv71BpkWeXNCywm0KSiVhwICuF9aNAYkyHQR/IBEhQhWZQ3ZqgB0mCqvqpB0okfToOjRmEaVUd+WG94TW9Mdy/xJ+QBpvgPKw/B72clylmxCVo3fG9groGFAkusaoFpcYC+AAS7FiaQYq6a8ZvVu6OVXpunCtbGblj9fuEgVTrYRrZzhSor397I/E/r1NS3OoakRUlYca/FsWldCl3R5m5PaGQkxxaAlwJe6vL+6CAk022ZkPwf7/8l1ztNX2v6V/sN05akzgW2BbbZrvMZwfshJ2xc9ZmnN2zR/bMXpwH58l5dd6+Wqecycwm+wHn4xP7qafg</latexit>

for	all	k	

km
<latexit sha1_base64="0/2ddLHE0+8u5F2EP8bdgg31vwQ=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GjJ1aOuu4MZlRfuAdiiZNNOGJpkhyQhl6Ce4caGIW7/InX9jpq2gogcuHM65l3vvCRPOtEHowymsrW9sbhW3Szu7e/sH5cOjjo5TRWibxDxWvRBrypmkbcMMp71EUSxCTrvh9Cr3u/dUaRbLOzNLaCDwWLKIEWysdDsdimG5gtzLRq3q1yByEap7VS8n1bp/4UPPKjkqYIXWsPw+GMUkFVQawrHWfQ8lJsiwMoxwOi8NUk0TTKZ4TPuWSiyoDrLFqXN4ZpURjGJlSxq4UL9PZFhoPROh7RTYTPRvLxf/8vqpiRpBxmSSGirJclGUcmhimP8NR0xRYvjMEkwUs7dCMsEKE2PTKdkQvj6F/5NO1fWQ6934lWZjFUcRnIBTcA48UAdNcA1aoA0IGIMH8ASeHe48Oi/O67K14KxmjsEPOG+fr9+OBw==</latexit><latexit sha1_base64="0/2ddLHE0+8u5F2EP8bdgg31vwQ=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GjJ1aOuu4MZlRfuAdiiZNNOGJpkhyQhl6Ce4caGIW7/InX9jpq2gogcuHM65l3vvCRPOtEHowymsrW9sbhW3Szu7e/sH5cOjjo5TRWibxDxWvRBrypmkbcMMp71EUSxCTrvh9Cr3u/dUaRbLOzNLaCDwWLKIEWysdDsdimG5gtzLRq3q1yByEap7VS8n1bp/4UPPKjkqYIXWsPw+GMUkFVQawrHWfQ8lJsiwMoxwOi8NUk0TTKZ4TPuWSiyoDrLFqXN4ZpURjGJlSxq4UL9PZFhoPROh7RTYTPRvLxf/8vqpiRpBxmSSGirJclGUcmhimP8NR0xRYvjMEkwUs7dCMsEKE2PTKdkQvj6F/5NO1fWQ6934lWZjFUcRnIBTcA48UAdNcA1aoA0IGIMH8ASeHe48Oi/O67K14KxmjsEPOG+fr9+OBw==</latexit><latexit sha1_base64="0/2ddLHE0+8u5F2EP8bdgg31vwQ=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GjJ1aOuu4MZlRfuAdiiZNNOGJpkhyQhl6Ce4caGIW7/InX9jpq2gogcuHM65l3vvCRPOtEHowymsrW9sbhW3Szu7e/sH5cOjjo5TRWibxDxWvRBrypmkbcMMp71EUSxCTrvh9Cr3u/dUaRbLOzNLaCDwWLKIEWysdDsdimG5gtzLRq3q1yByEap7VS8n1bp/4UPPKjkqYIXWsPw+GMUkFVQawrHWfQ8lJsiwMoxwOi8NUk0TTKZ4TPuWSiyoDrLFqXN4ZpURjGJlSxq4UL9PZFhoPROh7RTYTPRvLxf/8vqpiRpBxmSSGirJclGUcmhimP8NR0xRYvjMEkwUs7dCMsEKE2PTKdkQvj6F/5NO1fWQ6934lWZjFUcRnIBTcA48UAdNcA1aoA0IGIMH8ASeHe48Oi/O67K14KxmjsEPOG+fr9+OBw==</latexit><latexit sha1_base64="0/2ddLHE0+8u5F2EP8bdgg31vwQ=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GjJ1aOuu4MZlRfuAdiiZNNOGJpkhyQhl6Ce4caGIW7/InX9jpq2gogcuHM65l3vvCRPOtEHowymsrW9sbhW3Szu7e/sH5cOjjo5TRWibxDxWvRBrypmkbcMMp71EUSxCTrvh9Cr3u/dUaRbLOzNLaCDwWLKIEWysdDsdimG5gtzLRq3q1yByEap7VS8n1bp/4UPPKjkqYIXWsPw+GMUkFVQawrHWfQ8lJsiwMoxwOi8NUk0TTKZ4TPuWSiyoDrLFqXN4ZpURjGJlSxq4UL9PZFhoPROh7RTYTPRvLxf/8vqpiRpBxmSSGirJclGUcmhimP8NR0xRYvjMEkwUs7dCMsEKE2PTKdkQvj6F/5NO1fWQ6934lWZjFUcRnIBTcA48UAdNcA1aoA0IGIMH8ASeHe48Oi/O67K14KxmjsEPOG+fr9+OBw==</latexit>

D
⌘̂†k�⇡ ⌘̂k�⇡

E

km

= 1, k 2 (0, km)
D
⌘̂†k�⇡ ⌘̂k�⇡

E

km

= 0, k 2 (km,⇡/2)
<latexit sha1_base64="AhkCWJCtaMveThhigd2IPeMdwBo="></latexit><latexit sha1_base64="AhkCWJCtaMveThhigd2IPeMdwBo="></latexit><latexit sha1_base64="AhkCWJCtaMveThhigd2IPeMdwBo="></latexit><latexit sha1_base64="AhkCWJCtaMveThhigd2IPeMdwBo="></latexit>



energy	per	site:	

DW	order	parameter	

x̂ =
1

L

X

k>0

⇣
ĉ†k ĉk�⇡ + ĉ†k�⇡ ĉk

⌘

<latexit sha1_base64="IhFR6guWA3T9vuTIoRH4EnJbW20="></latexit><latexit sha1_base64="IhFR6guWA3T9vuTIoRH4EnJbW20="></latexit><latexit sha1_base64="IhFR6guWA3T9vuTIoRH4EnJbW20="></latexit><latexit sha1_base64="IhFR6guWA3T9vuTIoRH4EnJbW20="></latexit>

self-consistency	equation:	

x =
"x

⇡

Z km

0
dk

1p
T 2 cos2(k) + "2x2
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0
dk

p
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in	the	ground	state:	 e0 = min
km

e(km)
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tors, n̂r = b̂
†
rb̂r the number operators, N the lattice size,

T the tuneling constant, U the on-site repulsion, µ the
chemical potential and " the strength of the infinite-range
interactions induced by the cavity. The cavity-induced
long-range interactions are represented as the square of
the density wave order parameter x̂

x̂ =
1

N

 
X

r2e

n̂r �
X

r2o

n̂r

!
(2)

where e and o stand for even and odd lattice sizes,
respectively. Within the path integral representation
of the partition function this square appears in the
exponent and can thus be linearized by performing
a Hubbard-Stratonovic transformation, introducing an
auxiliary field. In the thermodynamic limit N ! 1
this auxiliary field can be integrated out by a saddle
point integration [44] yielding the e↵ective Hamiltonian
H(x) in which the term �"Nx̂

2 in (1) is replaced by
�2"Nxx̂ + "Nx

2 with x the value of the auxiliary field
at the saddle point given by the self-consistency equation

x = hx̂iGS(Ĥ(x)) , (3)

the ground state expectation value of the imbalance. The
equivalence of the two Hamiltonians Ĥ and Ĥ(x) with
(3) is valid for bipartite lattices in arbitrary dimensions
in the thermodynamic limit N ! 1.

We consider the large U -limit, excluding multiple site
occupancies, in 1d, which is experimentally realizable by
an appropriate modification of the setup of [9]. The
Hamiltonian for a system of length L is thus given by

Ĥ(x) =� T
LX

j=1

⇣
â
†
j
âj+1 + âj â

†
j+1

⌘
+ "Lx

2

�
X

j even

(µ+ 2"x)â†
j
âj �

X

j odd

(µ� 2"x)â†
j
âj

(4)

and can be solved analytically. â
†
j
(âj) are the hard-

core Bose creation (annihilation) operators. A Jordan-
Wigner transformation followed by a Fourier transfor-
mation takes the Hamiltonian to the fermionic form

Ĥ(x) = �
X

k>0

(c†
k
, c

†
k�⇡

)

✓
↵k �k

�k �k

◆✓
ck

ck�⇡

◆
+ 2"x2

(5)

with k = (2n � 1) · ⇡/L, n = 1, 2, . . . , L/2, ↵k =
µ + 2T cos(k), �k = µ � 2T cos(k) and � = 2"x. The
k and k � ⇡ modes can be decoupled by a canonical
transformation diagonalizing the Hamiltonian Ĥ(x) =P

0<k<⇡/2 2[⇤k⌘̂
†
k
⌘̂k +⇤k�⇡ ⌘̂

†
k�⇡

⌘̂k�⇡ +2"x2]. The ener-
gies of the eigenmodes are ⇤k = �µ � �k and ⇤k�⇡ =
�µ + �k with �k = (T 2 cos2(k) + "

2
x
2)1/2, thus �k =

�⇡�k. While ⇤k < 0 for all k 2 (0,⇡/2), in an inter-
val of k the ⇤k�⇡-s can be positive. We characterize a

MI SF DW

km 0 2 (0, k̃m) ⇡/2

x 0 0 2 (0, 1/2]

⇢ 1 2 (1/2, 1) 1/2

�e > 0 0 > 0

TABLE I: Characterization of the Mott insulating (MI), su-
perfluid (SF) and density wave (DW) of the ground state
phases of the Hamiltonian (4). Here x is the imbalance (3), ⇢
the particle density, �e the energy gap and km the minimum
wave number of the eigenmodes occupied in the ground state.

given state by a wavenumber km, so that h⌘̂†
k
⌘̂kikm

= 1

for all k and h⌘̂†
k�⇡

⌘̂k�⇡i
km

= 0 for k 2 (0, km) and 1 for

k 2 (km,⇡/2). The energy per site is given by: e(km) =
L
�1
P

k2(0,km) ⇤k + L
�1
P

k2(km,
⇡
2 )
(⇤k + ⇤k�⇡) + "x

2.

Using the representation

x̂ =
1

L

X

k>0

⇣
ĉ
†
k
ĉk�⇡ + ĉ

†
k�⇡

ĉk

⌘
(6)

the self-consistency equation

x =
"x

⇡

Z
km

0
dk

1p
T 2 cos2(k) + "2x2

(7)

for the expectation value x of the imbalance in the given
state is derived. In the ground state e0 = minkm e(km).
The self-consistency equation always has the trivial

solution x = 0 and up to two non-trivial solutions
x 2 (0, 1/2]. The stable solution minimizes the ground
state energy e0. If x solves Eq. (7), then �x is also a so-
lution, resulting in two equivalent ground states and thus
in a broken Ising symmetry. With respect to the values
of km and x, three phases can be distinguished: Mott
insulating (MI), superfluid (SF) and density wave (DW).
Table I summarizes the values of km, the imbalance x,
the density ⇢ = h⇢̂iGS = 1/L

P
j
hâ†

j
âjiGS and energy gap

�e in the three phases. The upper bound k̃m of km in
the SF phase is given by k̃m = 2·arctan[exp(⇡T /")]�⇡/2
and µ/T = 2 cos(k̃m) is the meta-stability line in Fig. 1.
As the energy gap �e vanishes in the SF phase, the SF
ground state is a critical ground state. Due to x 6= 0
the Ising symmetry is broken in the DW phase. Fig-
ure 1 shows the phase diagram for the Hamiltonian (4):
The phase transition between the DW state and the MI
state or the SF state is of first order. The value of km
and concomitantly x and ⇢ display a discontinuity at the
transition point. In the SF phase km varies continuously
and the transition between the SF and the MI states is
continuous. Due to the vanishing energy gap �e in the
SF phase, the SF correlation function hâ†

j
â
†
j+r

i
GS

decays
algebraically with the distance r, while in the DW phase
the SF correlation functions decay exponentially.

⇢ =
1

L

X

j

hâ†j âjiGS
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Abstract
The coupling of cold atoms to the radiation field within a high-finesse optical resonator, an optical cavity, induces
long-range interactions which can compete with an underlying optical lattice. The interplay between short- and
long-range interactions gives rise to new phases of matter including supersolidity (SS) and density waves (DW), and
interesting quantum dynamics. Here it is shown that for hard-core bosons in one dimension the ground state phase
diagram and the quantum relaxation after sudden quenches can be calculated exactly in the thermodynamic limit.
Remanent DW order is observed for quenches from a DW ground state into the superfluid (SF) phase below a dynamical
transition line. After su�ciently strong SF to DW quenches beyond a static metastability line DW order emerges on top
of remanent SF order, giving rise to a dynamically generated supersolid state.

The model
We study the ground state and non-equilibrium quench dynamics of a one-dimensional Bose-Hubbard model in a cavity.
The system has been experimentally realized (Esslinger and coworkers, 2016) with trapping bosonic atoms in a
one-dimensional optical lattice, which is placed in an optical resonator. It has been proven (G. Morigi and coworkers, PRL
110, 075304), that the e↵ect of the cavity can be approximated by a term with global-range interaction in the
Hamiltonian:

H = �T
LX

i=1

(b†
i
bi+1 + b

†
i+1bi) +

U

2

LX

i=1

ni(ni � 1) + L✏�2 � µ

LX

i=1

ni

Here L is the length of the system, b†
i
and bi are the creation/annihilation operators of trapped bosonic atoms,

ni = b
†
i
ai is the occupation number of ith site and µ stands for the chemical potential.

� =
1

L

LX

i=1

z
(i)
0 ni

Here z(i)
0 represent the coupling between the atom and the resonator, z(i)

0 =
R
d
3
~r cos(kx) cos(kz)W 2

i
(~r), here

Wi(~r) the Wannier state on the ith site, and k is the wave vector of the ground mode of the resonator.
We investigate the special case where W 2

i
(~r) = �(~r) and k = ⇡. In this case the Hamiltonian read as:

H = �T
LX

i=1

(b†
i
bi+1 + b

†
i+1bi) +

U

2

LX

i=1

ni(ni � 1) +
✏

L

0

@
LX

j=1

(�1)jnj

1

A
2

� µ

LX

i=1

ni .

We consider the U ! 1 limit, where there is no double occupied site. In this case the Hamiltonian can mapped to a
one-dimensional spin system:

H = �T
LX

i=1

(�x

j
�

x

j+1 + �
y

j
�

y

j+1) � µ

LX

i=1
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j
�

✏
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0

@
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(�1)j�z
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1

A
2

Mean field equation

H
0 = �T
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i=1

(�x

j
�

x

j+1 + �
y

j
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j+1) � µ

LX

i=1
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@
LX
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1

A (1)

x =

*0

@
LX

j=1

(�1)j�z

j

1

A
+

H 0

(2)

Exact in thermodinamic limit!
Solution of the mean-field equations
To solve the mean field equation (1) one introduce the cj c

†
j
fermion operators with the Jordan-Wigner transformation:

cj = exp
hP

j

l=1 i⇡�
z

l

i
�

�
j

c
†
j
= exp

hP
j

l=1 i⇡�
z

l

i
�

+
j
,

where �±
j

= �
x

j
± i�

y

j
. The cj c

†
j
operators follow the fermion anti-commutator rules: {cj, ci} = {c†

j
, c

†
i
} = 0 and

{c†
j
, ci} = �i,j. With the fermion operators the (1) mean-field equation takes the form:

H = �2T
P

L

j=1(c
†
j
cj+1 + c

†
j+1cj) �

P
L

j=1 2(µ + 2✏x(�1)j)(c†
j
cj � 1/2) + L✏x

2

One introduce the Fourier representation: cj = 1p
L

P
k
cke

�ikj, with it the mean-field Hamiltonian takes the form:
Hmf =
P

k>0

h
�2(µ + 2T cos k)c†

k
ck � 2(µ � 2T cos k)c†

k�⇡
ck�⇡ + 4✏x(c†

k
ck�⇡ + c

†
k�⇡

ck) + 2µ + 2✏x2
i

The hmf operator are diagonalized by the canonical transformation:
⌘k = gk,kck + gk,k�⇡ck�⇡ ⌘k�⇡ = gk�⇡,kck + gk�⇡,k�⇡ck�⇡

with:

gk,k = gk�⇡,k�⇡ =


1 +

⇣p
↵

2
k
+ 1 � ↵k

⌘2
��1/2

gk,k�⇡ = �gk�⇡,k = �

1 +

⇣p
↵

2
k
+ 1 + ↵k

⌘2
��1/2

.

and ↵k = T
✏x

cos k.

Hmf =
P

k>0

h
⇤k(⌘

†
k
⌘k � 1/2) + ⇤k�⇡(⌘

†
k�⇡

⌘k�pi � 1/2) + 2✏x2
i

The excitation energies are:

⇤k = �2µ � 4
p

T 2 cos2 k + ✏2x2

⇤k�⇡ = �2µ + 4
p
T 2 cos2 k + ✏2x2 .
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Left: Phase diagram for L = 1. Right: Phase diagrams
for various finite systems L = 10 . . . 16.

MI SF DW

km 0 2 (0, k̃m) ⇡/2

x 0 0 2 (0, 1/2]

⇢ 1 2 (1/2, 1) 1/2

�e > 0 0 > 0

Table: Characterization of the Mott insulating (MI), superfluid (SF) and density wave (DW) of the
ground state phases. Here x is the imbalance, ⇢ the particle density, �e the energy gap and km the
minimum wave number of the eigenmodes occupied in the ground state.

Dynamics

Inset: Time evolution of the imbalance x(t) after quenches (µ0/T0 = 1, "0/T0 = 4) ! (µ/T = 1, "/T ) with
"/T = 3.5 (�), 3 (�), 2.5 (�), 2 (�), 1.5 (�), 1 (�). The staggered lines indicate the value xstat of the imbalance
in the stationary state. Main panel : Values of xstat after di↵erent quench protocols: (µ0/T0 = 0.5, "0/T0) !
(µ/T = 0.5, "/T ) with "0/T0 = 4 (•), 3.5 (•), 3 (•), 2.5 (•), 2 (•), 1.5 (•).

Time evolution of the SF correlation function hâ†
j+r

â
†
j
it (main panel) and the imbalance x(t) (inset) after the

quench (µ0/T0 = 1, "0/T0 = 4) ! (µ/T = 1, "/T = 1) from the DW into the SF phase. Colour code: t = 0
(•), 2 (•), 4 (•), 6 (•), 8 (•), 10 (•). The exponential decay with r is preserved under the dynamic phase transition.
The correlation length changes during the relaxation process to a larger value in the stationary state.

Dynamical phase transition

Main panel : "/T -dependence of xmax in the vicinity of the dynamic phase transition for quenches with
(µ0/T0 = 1, "0/T0 = 0) ! (µ/T = 1, "/T ). The dynamic phase transition is indicated by an increase of xmax.
Insets: Time evolution of the imbalance for the quench protocols with "/T = 2.35 (below the dynamic phase transition)
and "/T = 2.4 (above the dynamic phase transition). The value of the perturbation x0 is 10�6.

Time evolution of the SF correlation function hâ†
j+r

â
†
j
it after the quench (µ0/T0 = 1, "0/T0 = 0) !

(µ/T = 1, "/T = 2.5) from the DW into the SF phase. The algebraic decay of the SF correlation function in
the initial SF ground state (scattered black line) is preserved under the dynamic phase transition, but for x(t) > 0 the
curve splits up into two curves for even and odd distances between the spins.

("/T )crit =
2"0/T0

2 + "0/T0

Bose-Hubbard model with cavity back-action

Phase	diagram	in	finite	systems	
without	linearization	of	Vcavity	



Non-equilibrium	dynamics	after	a	sudden	quench	
t < 0 t � 0

(T0, µ0, "0) ! (T , µ, ")
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change	of	parameters	

state	of	the	system:	 | (t)i = exp [�iH(T , µ, ")t] | 0i
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using	the	linearized	Hamiltonian:	

H
0(T , µ, ", x(t)), x(t) = h (t)|x̂| (t)i
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| (t)i = exp


�i

Z t

0
dt0H0(T , µ, ", x(t0))

�
| 0i
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(µ0/T0 = 1, "0/T0 = 4) ! (µ/T = 1, "/T )

"/T = 3.5, 3, 2.5, 2, 1.5, 1 up to bottom
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Quench	from	the	DW	to	SF	phase		

inset:	

(µ0/T0 = 0.5, "0/T0) ! (µ/T = 0.5, "/T )

"0/T0 = 4, 3.5, 3, 2.5, 2, 1.5 right to left
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main:	

Dynamic	
phase	transition	



Quench	from	the	SF	to	DW	phase		
If	 x(t = 0) = 0 ! x(t > 0) = 0
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x(t = 0) = x0 > 0, x0 ⌧ 1 ! x(t > 0) =?
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Stability	test:	

(µ0/T0 = 1, "0/T0 = 0) ! (µ/T = 1, "/T )
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Dynamic	
phase	transition	

x0 = 10�6
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Quench	from	the	SF	to	DW	phase		

(µ0/T0 = 1, "0/T0 = 0) ! (µ/T = 1, "/T = 2.5)
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SF	correlations:	 hâ†j+râ
†
jit !
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algebraic	decay	

Supersolid	
quasi-long-	
range	order	



Summary	

•  We	have	solved	exactly	a	system	of	hard-core	bosons	
				with	cavity-induced	long-range	interactions	in	1d	
•  Ground-state	phase	diagram	consists	of	MI,	SF	and	DW	
					phases	
•  In	non-equilibrium	quench	dynamics	there	are	dynamic	
					phase	transitions	
•  Remanent	DW	order	at	DW	to	SF	quenches	
•  Dynamically	generated	SS	state	at	SF	to	DW	quenches	
•  Possible	experimental	realization	by	cold	atoms	



Thank	you	for	your	attention!	
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Quench	from	the	DW	to	SF	phase		

Dynamic	
phase	transition	

("/T )crit =
2"0/T0

2 + "0/T0
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