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The problem

Conserved currents for matter fields moving in fixed gravitational background:
=B TR, TH = 2 gt =0
Derivation: 8,j* = /=g V. (T* h,) = /—g(V.T" h, + T*'V, h,)

Killing equation: V,h, +V,h, =0 — TV, ,h, =0

divergencelessness of T*”: V,T"" =0 — V,T"*h, =0

Difference from 'canonical’ Noether current: 0, X*", X*" = —¥"#

What can we do if there is also a fixed electromagnetic field?
=R (T + h AT, T" = — =ik
generalized Lorentz law: V, T"" = F“* 7,

> Generalization to arbitrary gauge theories?
» How is j* related to the 'canonical’ Noether current?

> (How to handle half-integer spin matter fields?)



The Lagrangian density function
L(x", Xy OuXj, OuvXjs - - - » @i, Ou®i, O @iy . . L)
is a local function of ®; and x;. The action integral is [ dx L.

xj: 'fixed' fields
®;: 'dynamical’ fields



Auxiliary formula

Let G be some quantity of the form
G =c"Go+8e*GY + Dre® G + ...

GZ*, GX*, ... are completely symmetric in the upper indices.

We have the formula
G = EaGa + ar/gu 3

where
Go = Go — 0, G” + 0,\G — . ..

and

gl/ — @ G&/ + ((9)\60( Golz)\ _ Eaa)\ GOKUA)

F(Orp€® G — N0, G + €05, G ) + . ..

Derivation: (uv) = u'v +uv' ..



Noether's first theorem

A one-parameter transformation of the fields can be written after linearization
in the parameter, denoted by s, as

¢i‘>¢’i+55¢i, Xj*)Xj‘i*S(;Xj
The associated first order variation of L is

dL
L= —l|s=0=4L L
0 dsl 0o=06Ls + 9L,

with
oL oL oL
ole = 0P+ ————0,0P + =0, 0P + ...
® 96, °% T 50,00 7% T 50,0 0P T
oL oL oL
oLy = —O0xj+ =700+ =——=0uwdx;+ ...
T YT ) Y T 8@ Y
Applying the auxiliary formula with o — i, €% — §®;, GLV " — W gives

ol =

oL .



Euler-Lagrange derivative:

5L*8L78 oL I oL ) oL n
00, 90 " 0(0,) (0w ®) T 0(0un®)
Euler-Lagrange current:
oL oL oL
6 = %5¢i+( 0,0P; — 0, 5¢)
Jo 9(0,%)) (0, ;) (8, ®7)
oL oL oL
02 0P; — O ———OIP + O 0D | + ...
(a(a;u/)\q)i) A a(a,uv)\q)i) A Aa(a,ulu\q>l') )

Symmetry transformation:

5Xj:07 5Lq> ZOMKH

oL

= OuJh+ Iy

5%, =0

Noether current: Jj = jbi — K*

(Euler-Lagrange equations: 5%,- =0)



Noether’'s second theorem

Gauge transformations (in general sense):

5O = 0P + Dy 6O + 0,0, SO 4 ..

I

Oxj = € 0Xja + 0u€” Oxj, + 0u0ue™ OXjy + ..,

The auxiliary formula can be applied to %&D,— and g—;éxj:
i g

5L o oL a
E(S‘b, =€ B¢o¢ + auBg TXJ(SXJ =€ BX‘N + BMB;(L s

where

= Ol o (OL sen OL s} _
Bou = 54 0% au(mim,a)+aua,,(5¢i5¢,a)
o 0L
5b;

Br = e 2bsen [a,,ea‘;i(sqaeue“a,,(‘” m;gﬂ b

oe; '@ 0d;
Boo, Bya: Bianchi expressions

B, BY: Bianchi currents



oL oL . .
i f]
= € Boa + 0uBg + Oujo + € Bya + OuBy + Ouy

Gauge symmetry:
oL =0,K"

K" is assumed to be a homogeneous linear local function of ¢*:
A
KH = €KL 4+ 0, KEY + Ouxe®KE" + ...

€*(Boa + Bya) = —0u(Bg + BY + J¥) ,
where
=y + i - K"
By Stokes’ theorem
/ d®x €*(Boa + Bya) =0
Generalized Bianchi identityS?
Boo + Bya =0

(For the Einstein-Hilbert Lagrangian: V,G*” = 0; G*” = R* — 1g''R)



Noether's third theorem
1)
I" =By + By + J*

is also conserved, regardless of the Euler-Lagrange equations. If ®; and x;
satisfy their Euler-Lagrange equations, then [* = J*.

2.) I" is a homogeneous linear local function of €* and 9, /" = 0 for arbitrary
{e3

€ =
" =0,x"

3 M. superpotential, antisymmetric

1 2
SHY (R VR <
7€ (" = 1a") + {3

1
D€ (L7 = I1L7) = 3 D0, (18"" — 127)
3 o fprpA [ 4772 2 a HUPpA vupA
+ 16,»\6 (ln, - l(‘( )7 Zapﬁ 8)\(IO, - IO, )

1 (e 174 174
+5€ (27PN — 1PN | 4

Igu/\.“:
1 = €% 4+ 8,e™ 1M + Gyne™ I + ..



The construction

1.) Partial Bianchi identity:
If ®; satisfy their Euler-Lagrange equations, then Be, = 0, thus

Bxa =0
without any assumption on ;. (Generalization of V,, T#” =0.)

2.) Conservation of B%:
If 6x; = 0 for some particular €*, then 0 = €” By, + 0,B%. If, in addition, ®;
satisfy their Euler-Lagrange equations, then B, = 0, thus

0= 0.8
(Generalization of 9,(/—gT""h,) =0.)

3.) Relation between J§ and B%:
If 6x; =0, then j£ =0, thus J* = J}, and

— Bl = S By~ 1M = S+ Bl — 9,5



Examples (Bianchi currents, partial Bianchi identities)

Matter fields propagating in fixed gravitational + Yang-Mills background

Elementary fields: V7, A2, matter fields (v,”,,)

gow = V[ Vgao,  gpo = ding(1,—1,~1,-1)

xj = {V/', A%}, ®; = matter fields

Gauge group: diffeomorphisms + local Lorentz transformations + Yang-Mills

gauge transformations

Covariant derivative for the complete gauge group:
Dty i = Viuths o + Saﬂu wﬁﬁﬁk - i“AZ(tQ)klwaﬁa/
V. Levi-Civita covariant differentiation
SOABM = %(Lﬂ;\)agsﬂiw S;ﬁu ==-ViV, Vux
(LDS‘)aﬁz generators of the Lorentz group

(t7),: generators of the Yang-Mills gauge group

UV=1VV2...VUp, P=P1P2-- . Pm



1. Yang-Mills gauge symmetry:

sVE =0, SA;, = Dye’

I
Partial Bianchi identity:

1 JdL

By = V=gD.J" =0, J"=-——
. ‘ V=g 04,

Bianchi current:

B;L _ /77g 63‘7;1,51

B is conserved if §A;, = D,e” = 0, and the matter fields satisfy their
Euler-Lagrange equations.

Derivation: 0,B{ = —/—g V. (°’T"?) = —/—g (D’ T"* + €D, T"?)



2. Local Lorentz symmetry:

B.5x; = —2vV—gTs; =
where T ; is the antisymmetric part in the decomposition

o P 6Vp vV ( T)\p + TAp)

Bianchi current: B =0

0



3. Diffeomorphism symmetry:
SV =—h'V, V] - V,.h" V], SAL, = —h"V,A;, — V,h"A]
(6guw = =V uh, — V., h,)
Partial Bianchi identity:
Byi = vV—g(=VuT" +V,T", + T VsgV, V'
_jVaFuay, _ DVjVaAZ) — O

or

Byu=——8 (V. T" +J"F,)=0

Bianchi current:

B = V(T ~T", + ALT")h"

or

Bl = =g(T", + A2T")h"



Derivation of 9,85 = 0:

OuBY =/—g(VuTH, B + TH, V0" + D, J"A R + TH D, A} K”
+ TJ"AV R

TH,V,h" =0

D,J"Ah" =0

VuTV, R — =JMFi R

= OuBY = /=g(—T"Fi,h" + T D AR + T* ALV . h")

Using WV, A} + VA AL, =0, ALV R — —TJ"V, AR, thus

0B = \/=g(—=T"F2, b + J" D ALK — JHV, ALhY).
This is zero, since F;, = D, A} — V,A;,.



4. 'Mixed' symmetry:
joint infinitesimal diffeomorphism and Yang-Mills gauge transformation
corresponding to (h*,€?):

SA, = —h'V A — V,,h“AZ + D€
Bianchi current:

Bl = =g [T" h* + (h* A} — €)7"

5. If the Yang-Mills gauge symmetry of the Lagrangian is not required and A,
are merely some fixed covector fields, then D, 7"? = 0 does not necessarily
hold, and one has the partial Bianchi identity

By =vV—8g(-VuT", —T"F,—D.J”A;,)=0
where D,, and F;, are defined in the same way as in abelian gauge theory. The

Bianchi current for a diffeomorphism symmetry of the metric and A7, remains
unchanged.



6. Fixed fields: the metric (or the tetrad) and a real scalar field ¢
5 = —h9,6

Partial Bianchi identity (using Tzz = 0):

By = v—8(=V. TV# — Js0u¢) =0 Jo = ——=+7

Bianchi current:

Bi= V=g T h

Derivation of 9,Bf = 0: V,(TH, h") =V, TH h" + T*, V,h", second term is
zero in virtue of the Killing equation, the first term can be rewritten as
V.TH, h" = =Jsh" 0, ¢

7. If only the scalar field is fixed, then
Byy = V—g(=TJ30.9) =0

BE=0

X



Superpotentials

L= V _gL(Vilku ak? 1'_' pok D /L)I) ak? Hd—}z“/ﬁak)

Irreducible real representations of the Lorentz group: (%4, 2)® (2,4), h # b,
h,h €N, and (3, 3)

The simplest examples: Dirac spinor representation (%, 0) @ (0, %) Minkowski
representation (3, 1)

Under the Yang-Mills gauge group wy .« transforms according to a not
necessarily irreducible finite dimensional unitary representation; the
corresponding index is denoted by k.

[ is a scalar function:
K* = 0 for Yang-Mills gauge transformations and local Lorentz
transformations,

K* = —h*L for diffeomorphisms



The first order variation of the matter field under a Yang-Mills gauge
transformation parametrized by €’

(swl)ﬁak = il€€ ( )k wl/ al

The first order variation of the matter field under a local Lorentz
transformation is N 5

‘wu ak = W(Lﬁﬂ)aﬁﬂ’ﬁpﬁk
The first order variation of the matter field under a diffeomorphism generated
by h* is

5¢V ak = —h" Vl‘wu ak
_vlflh v Vl'zh v ﬁak - Vunh#wm.. g

VIUV3...Vp Wp_1p ak

+Vﬂhpl¢z‘/“p2mpmak + Vﬂhmwﬁﬂluﬁ}upmak 4+ vuhpmwppl-»-f?m—lﬂak

HUp...Vn ak



Let's introduce the notation

uo ok OL - 0L
e P ok = o= 5ak
aDl‘1/)D ak 8Dﬂwi?
5 Lpws ek, 5 (8 5 Loar o askedhy e
Q" = EPH 50, (L) — §P“ sk 0L 5



VEE[VuR(QUY by — QU hy) — @ hy]

i=1

]- 7 17 « 17 «
‘§§ VPR P Ky by = PP Kby
i=1

1 - v ak o..p... UAN ak e
+5;VP[P“ ...... by P ha = PPN Yy ]



Dirac field:
1 v T, 7. 7
L= =g |5€" (1Dt — D i) — miby

,yu — V;’Yﬁ
~": standard Minkowski space gamma matrices

" = =gt | ot =

[7 ]

I\)M—l

Q" = M/J(vA =

Q(MV))\ -0

V=g V., (QY"hr)






