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The problem

Conserved currents for matter fields moving in fixed gravitational background:
jµ =

√
−g Tµνhν , Tµν = −2√

−g
δLM
δgµν

, ∂µj
µ = 0

Derivation: ∂µj
µ =
√
−g ∇µ(Tµνhν) =

√
−g(∇µTµνhν + Tµν∇µhν)

Killing equation: ∇µhν +∇νhµ = 0 → Tµν∇µhν = 0

divergencelessness of Tµν : ∇µTµν = 0 → ∇µTµνhν = 0

Difference from ’canonical’ Noether current: ∂νΣµν , Σµν = −Σνµ

What can we do if there is also a fixed electromagnetic field?
jµ =

√
−g (Tµ

ν h
ν + hνAνJ µ), J µ = − 1√

−g
δL
δAµ

generalized Lorentz law: ∇µTµν = F νλJλ

I Generalization to arbitrary gauge theories?

I How is jµ related to the ’canonical’ Noether current?

I (How to handle half-integer spin matter fields?)



The Lagrangian density function

L(xµ, χj , ∂µχj , ∂µνχj , . . . ,Φi , ∂µΦi , ∂µνΦi , . . . )

is a local function of Φi and χj . The action integral is
∫
dDx L.

χj : ’fixed’ fields

Φi : ’dynamical’ fields



Auxiliary formula

Let G be some quantity of the form

G = εαGα + ∂νε
αGνα + ∂νλε

αGνλα + . . .

Gνλα , Gνλρα , ... are completely symmetric in the upper indices.
We have the formula

G = εαĜα + ∂νGν ,

where
Ĝα = Gα − ∂νGνα + ∂νλG

νλ
α − . . .

and

Gν = εαGνα + (∂λε
αGνλα − εα∂λGνλα )

+(∂λρε
αGνλρα − ∂λεα∂ρGνλρα + εα∂λρG

νλρ
α ) + . . .

Derivation: (uv)′ = u′v + uv ′ ...



Noether’s first theorem

A one-parameter transformation of the fields can be written after linearization
in the parameter, denoted by s, as

Φi → Φi + sδΦi , χj → χj + sδχj

The associated first order variation of L is

δL =
dL

ds
|s=0 = δLΦ + δLχ

with

δLΦ =
∂L

∂Φi
δΦi +

∂L

∂(∂µΦi )
∂µδΦi +

∂L

∂(∂µνΦi )
∂µνδΦi + . . .

δLχ =
∂L

∂χj
δχj +

∂L

∂(∂µχj)
∂µδχj +

∂L

∂(∂µνχj)
∂µνδχj + . . .

Applying the auxiliary formula with α→ i , εα → δΦi , G
µν...
α → ∂L

∂(∂µν...Φi )
gives

δLΦ =
δL

δΦi
δΦi + ∂µj

µ
Φ



Euler-Lagrange derivative:

δL

δΦi
=

∂L

∂Φi
− ∂µ

∂L

∂(∂µΦi )
+ ∂µν

∂L

∂(∂µνΦi )
− ∂µνλ

∂L

∂(∂µνλΦi )
+ . . .

Euler-Lagrange current:

jµΦ =
∂L

∂(∂µΦi )
δΦi +

(
∂L

∂(∂µνΦi )
∂νδΦi − ∂ν

∂L

∂(∂µνΦi )
δΦi

)
+

(
∂L

∂(∂µνλΦi )
∂νλδΦi − ∂ν

∂L

∂(∂µνλΦi )
∂λδΦi + ∂νλ

∂L

∂(∂µνλΦi )
δΦi

)
+ . . .

Symmetry transformation:

δχj = 0, δLΦ = ∂µK
µ

⇒ ∂µJ
µ
Φ +

δL

δΦi
δΦi = 0

Noether current: JµΦ = jµΦ − Kµ

(Euler-Lagrange equations: δL
δΦi

= 0)



Noether’s second theorem

Gauge transformations (in general sense):

δΦi = εαδΦiα + ∂µε
α δΦµiα + ∂µ∂νε

α δΦµνiα + . . .

δχj = εαδχjα + ∂µε
α δχµjα + ∂µ∂νε

α δχµνjα + . . . ,

The auxiliary formula can be applied to δL
δΦi
δΦi and δL

δχj
δχj :

δL

δΦi
δΦi = εαBΦα + ∂µBµΦ

δL

δχj
δχj = εαBχα + ∂µBµχ ,

where

BΦα =
δL

δΦi
δΦiα − ∂µ

(
δL

δΦi
δΦµiα

)
+ ∂µ∂ν

(
δL

δΦi
δΦµνiα

)
− . . .

BµΦ = εα
δL

δΦi
δΦµiα +

[
∂νε

α δL

δΦi
δΦµνiα − ε

α∂ν

(
δL

δΦi
δΦµνiα

)]
+ . . .

BΦα, Bχα: Bianchi expressions

BµΦ, Bµχ: Bianchi currents



δL = δLΦ + δLχ =
δL

δΦi
δΦi +

δL

δχj
δχj + ∂µj

µ
Φ + ∂µj

µ
χ

= εαBΦα + ∂µBµΦ + ∂µj
µ
Φ + εαBχα + ∂µBµχ + ∂µj

µ
χ

Gauge symmetry:
δL = ∂µK

µ

Kµ is assumed to be a homogeneous linear local function of εα:

Kµ = εαKµ
α + ∂νε

αKµν
α + ∂νλε

αKµνλ
α + . . .

εα(BΦα + Bχα) = −∂µ(BµΦ + Bµχ + Jµ) ,

where
Jµ = jµΦ + jµχ − Kµ

By Stokes’ theorem ∫
Ω

dDx εα(BΦα + Bχα) = 0

Generalized Bianchi identity:

BΦα + Bχα = 0

(For the Einstein-Hilbert Lagrangian: ∇µGµν = 0; Gµν = Rµν − 1
2
gµνR)



Noether’s third theorem

1.)
Iµ = BµΦ + Bµχ + Jµ

is also conserved, regardless of the Euler-Lagrange equations. If Φi and χj

satisfy their Euler-Lagrange equations, then Iµ = Jµ.

2.) Iµ is a homogeneous linear local function of εα and ∂µI
µ = 0 for arbitrary

εα ⇒
Iµ = ∂νΣµν

Σµν : superpotential, antisymmetric

Σµν =
1

2
εα(Iµνα − I νµα ) +

[
2

3
∂ρε

α(Iµνρα − I νµρα )− 1

3
εα∂ρ(Iµνρα − I νµρα )

]
+

[
3

4
∂ρλε

α(Iµνρλα − I νµρλα )− 2

4
∂ρε

α∂λ(Iµνρλα − I νµρλα )

+
1

4
εα∂ρλ(Iµνρλα − I νµρλα )

]
+ . . .

Iµνλ...α :
Iµ = εαIµα + ∂νε

αIµνα + ∂νλε
αIµνλα + . . .



The construction

1.) Partial Bianchi identity:
If Φi satisfy their Euler-Lagrange equations, then BΦα = 0, thus

Bχα = 0

without any assumption on χj . (Generalization of ∇µTµν = 0.)

2.) Conservation of Bµχ:
If δχj = 0 for some particular εα, then 0 = εαBχα + ∂µBµχ. If, in addition, Φi

satisfy their Euler-Lagrange equations, then Bχα = 0, thus

0 = ∂µBµχ

(Generalization of ∂µ(
√
−gTµνhν) = 0.)

3.) Relation between JµΦ and Bµχ:
If δχj = 0, then jµχ = 0, thus Jµ = JµΦ , and

− Bµχ = JµΦ + BµΦ − Iµ = JµΦ + BµΦ − ∂νΣµν



Examples (Bianchi currents, partial Bianchi identities)

Matter fields propagating in fixed gravitational + Yang-Mills background

Elementary fields: V µ̄
µ , Aa

µ, matter fields (ψ ρ̌
ν̌ αk )

gµν = V µ̄
µ V

ν̄
ν gµ̄ν̄ , gµ̄ν̄ = diag(1,−1,−1,−1)

χj ≡ {V µ̄
µ ,A

a
µ}, Φi ≡ matter fields

Gauge group: diffeomorphisms + local Lorentz transformations + Yang-Mills
gauge transformations

Covariant derivative for the complete gauge group:

Dµψ
ρ̌
ν̌ αk = ∇µψ ρ̌

ν̌ αk + S β
α µψ

ρ̌
ν̌ βk − iκAa

µ(ta) l
k ψ

ρ̌
ν̌ αl

∇µ: Levi-Civita covariant differentiation

S β
α µ = 1

2
(Lν̄λ̄) β

α Sν̄λ̄µ, S λ̄η̄µ = −V ν
η̄∇µV λ̄

ν

(Lν̄λ̄) β
α : generators of the Lorentz group

(ta) l
k : generators of the Yang-Mills gauge group

ν̌ ≡ ν1ν2 . . . νn, ρ̌ ≡ ρ1ρ2 . . . ρm



1. Yang-Mills gauge symmetry:

δV µ̄
µ = 0, δAa

µ = Dµε
a

Partial Bianchi identity:

Ba
χ =
√
−gDµJ µa = 0, J µa = − 1√

−g
δL

δAa
µ

Bianchi current:
Bµχ = −

√
−g εaJ µa

Bµχ is conserved if δAa
µ = Dµε

a = 0, and the matter fields satisfy their
Euler-Lagrange equations.

Derivation: ∂µBµχ = −
√
−g ∇µ(εaJ µa) = −

√
−g (Dµε

aJ µa + εaDµJ µa)



2. Local Lorentz symmetry:

δV µ̄
µ = −ωλ̄ρ̄(Lλ̄ρ̄) µ̄

ν̄ V ν̄
µ , (δgµν = 0), δAa

µ = 0

Partial Bianchi identity:

Bχ,λ̄ρ̄ = −2
√
−g Tλ̄ρ̄ = 0

where Tλ̄ρ̄ is the antisymmetric part in the decomposition

Vλ̄ρ
δL

δV ρ̄
ρ

=
√
−g(−Tλ̄ρ̄ + Tλ̄ρ̄)

Bianchi current: Bµχ = 0



3. Diffeomorphism symmetry:

δV µ̄
µ = −hν∇νV µ̄

µ −∇µhνV µ̄
ν , δAa

µ = −hν∇νAa
µ −∇µhνAa

ν

(δgµν = −∇µhν −∇νhµ)

Partial Bianchi identity:

Bχµ =
√
−g (−∇νT ν

µ +∇νTνµ + TλνVλµ̄∇µV µ̄
ν

−J νaF a
νµ − DνJ νaAa

µ) = 0

or
Bχµ = −

√
−g (∇νT ν

µ + J νaF a
νµ) = 0

Bianchi current:
Bµχ =

√
−g(Tµ

ν − Tµν + Aa
νJ µa)hν

or
Bµχ =

√
−g(Tµ

ν + Aa
νJ µa)hν



Derivation of ∂µBµχ = 0:

∂µBµχ =
√
−g(∇µTµ

ν h
ν + Tµ

ν∇µhν + DµJ µaAa
νh
ν + J µaDµAa

νh
ν

+ J µaAa
ν∇µhν)

Tµ
ν∇µhν = 0

DµJ µaAa
νh
ν = 0

∇µTµ
ν h

ν → −J µaF a
µνh

ν

⇒ ∂µBµχ =
√
−g(−J µaF a

µνh
ν + J µaDµAa

νh
ν + J µaAa

ν∇µhν)

Using hµ∇µAa
ν +∇νhµAa

µ = 0, J µaAa
ν∇µhν → −J µa∇νAa

µh
ν , thus

∂µBµ =
√
−g(−J µaF a

µνh
ν + J µaDµAa

νh
ν − J µa∇νAa

µh
ν).

This is zero, since F a
µν = DµA

a
ν −∇νAa

µ.



4. ’Mixed’ symmetry:
joint infinitesimal diffeomorphism and Yang-Mills gauge transformation
corresponding to (hµ, εa):

δAa
ν = −hµ∇µAa

ν −∇νhµAa
µ + Dνε

a

Bianchi current:

Bµχ =
√
−g [Tµ

ν h
ν + (hνAa

ν − εa)J µa]

5. If the Yang-Mills gauge symmetry of the Lagrangian is not required and Aa
µ

are merely some fixed covector fields, then DνJ νa = 0 does not necessarily
hold, and one has the partial Bianchi identity

Bχµ =
√
−g(−∇νT ν

µ − J νaF a
νµ − DνJ νaAa

µ) = 0

where Dµ and F a
νµ are defined in the same way as in abelian gauge theory. The

Bianchi current for a diffeomorphism symmetry of the metric and Aa
µ remains

unchanged.



6. Fixed fields: the metric (or the tetrad) and a real scalar field φ

δφ = −hµ∂µφ

Partial Bianchi identity (using Tµ̄ν̄ = 0):

Bχµ =
√
−g(−∇νT ν

µ − Jφ∂µφ) = 0 Jφ =
1√
−g

δL

δφ

Bianchi current:
Bµχ =

√
−g Tµ

ν h
ν

Derivation of ∂µBµχ = 0: ∇µ(Tµ
ν h

ν) = ∇µTµ
ν h

ν + Tµ
ν∇µhν , second term is

zero in virtue of the Killing equation, the first term can be rewritten as
∇µTµ

ν h
ν = −Jφhν∂νφ

7. If only the scalar field is fixed, then

Bχµ =
√
−g(−Jφ∂µφ) = 0

Bµχ = 0



Superpotentials

L =
√
−g L̂

(
V µ̄
µ , ψ

ρ̌
ν̌ αk , ψ̄

ρ̌αk
ν̌ ,Dµψ

ρ̌
ν̌ αk ,Dµψ̄

ρ̌αk
ν̌

)

Irreducible real representations of the Lorentz group: ( l1
2
, l2

2
)⊕ ( l2

2
, l1

2
), l1 6= l2,

l1, l2 ∈ N, and ( l
2
, l

2
)

The simplest examples: Dirac spinor representation ( 1
2
, 0)⊕ (0, 1

2
), Minkowski

representation ( 1
2
, 1

2
)

Under the Yang-Mills gauge group ψ ρ̌
ν̌ αk transforms according to a not

necessarily irreducible finite dimensional unitary representation; the
corresponding index is denoted by k.

L̂ is a scalar function:
Kµ = 0 for Yang-Mills gauge transformations and local Lorentz
transformations,

Kµ = −hµL for diffeomorphisms



The first order variation of the matter field under a Yang-Mills gauge
transformation parametrized by εa is

δψ ρ̌
ν̌ αk = iκεa(ta) l

k ψ
ρ̌
ν̌ αl

The first order variation of the matter field under a local Lorentz
transformation is

δψ ρ̌
ν̌ αk = ωµ̄ν̄(Lµ̄ν̄) β

α ψ ρ̌
ν̌ βk

The first order variation of the matter field under a diffeomorphism generated
by hµ is

δψ ρ̌
ν̌ αk = −hµ∇µψ ρ̌

ν̌ αk

−∇ν1h
µψ ρ̌

µν2...νn αk −∇ν2h
µψ ρ̌

ν1µν3...νn αk − · · · − ∇νnh
µψ ρ̌

ν1...νn−1µ αk

+∇µhρ1ψ µρ2...ρm
ν̌ αk +∇µhρ2ψ ρ1µρ3...ρm

ν̌ αk + · · ·+∇µhρmψ
ρ1...ρm−1µ

ν̌ αk



Let’s introduce the notation

Pµν̌ αk
ρ̌ =

∂L̂

∂Dµψ
ρ̌
ν̌ αk

P̄µν̌ρ̌αk =
∂L̂

∂Dµψ̄
ρ̌αk
ν̌

Qµδ̄λ̄ =
1

2
Pµν̌ αk

ρ̌ ψ ρ̌
ν̌ βk (Lδ̄λ̄) β

α −
1

2
P̄µν̌ρ̌αk ψ̄

ρ̌βk
ν̌ (Lδ̄λ̄) α

β



Iµ =
√
−g
[
∇ν [2(Q(µλ)νhλ −Q(νλ)µhλ)−Qλµνhλ]

−1

2

n∑
i=1

∇ν [Pµ...ν... αkρ̌ ψ λ ρ̌
... ... αkhλ − Pν...µ... αkρ̌ ψ λ ρ̌

... ... αkhλ]

+
1

2

n∑
i=1

∇ν [Pµ...λ... αkρ̌ ψ ν ρ̌
... ... αkhλ − Pν...λ... αkρ̌ ψ µ ρ̌

... ... αkhλ]

+
1

2

n∑
i=1

∇ν [Pλ...µ... αkρ̌ ψ ν ρ̌
... ... αkhλ − Pλ...ν... αkρ̌ ψ µ ρ̌

... ... αkhλ]

−1

2

m∑
i=1

∇ρ[Pµν̌ ρ αk
... ... ψ ...λ...

ν̌ αkhλ − Pρν̌ µ αk
... ... ψ ...λ...

ν̌ αkhλ]

+
1

2

m∑
i=1

∇ρ[Pµν̌ λ αk
... ... ψ ...ρ...

ν̌ αkhλ − Pρν̌ λ αk
... ... ψ ...µ...

ν̌ αkhλ]

+
1

2

m∑
i=1

∇ρ[Pλν̌ µ αk
... ... ψ ...ρ...

ν̌ αkhλ − Pλν̌ ρ αk
... ... ψ ...µ...

ν̌ αkhλ]

+[P̄ψ̄]
]



Dirac field:

L =
√
−g
[

1

2
gµν(ψ̄iγµDνψ − Dν ψ̄iγµψ)−mψ̄ψ

]
γµ = V µ

µ̄ γ
µ̄

γµ̄: standard Minkowski space gamma matrices

Lµ̄ν̄ =
1

2
σµ̄ν̄ , σµ̄ν̄ =

1

2
[γµ̄, γν̄ ]

Qµνλ =
1

8
iψ̄(γλγµγν − γνγµγλ)ψ

Q(µν)λ = 0

Iµ = −
√
−g ∇ν(Qλµνhλ)




