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Physical model



Physical model

The reflection and transmission of a few-cycle laser pulse impinging on
two parallel thin metal layers have been analyzed.
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e The thickness of the layers
>y
SO (represented by current sheets)

is much smaller than the skin

" depth of the radiation field
e 7 (mathematically it is
- O3 ns infinitesimally small).
l - ; : e The layers are embedded in
ns three dielectrics, all with

different index of refraction.
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The mathematical model



The governing equations

Aim:
Give a theoretical analysis on the reflection and transmission of a few

cycle laser pulse on the metal layers

Model:

e The dynamics of the surface currents and the complete radiation
field are described by the coupled system of Maxwell-Lorentz
equations

o (dependent) variables: d,,(t), ¢,,(t) local displacement of the
electrons in the metal layers 2 and 4, respectively = write Newton's
law



Model construction

For linear, isotropic media, the constitutive relations are written as

D =¢€E
B=uH
J=0E,

where ¢ is the dielectric constant (with no dimension), y is the magnetic
permeability (with no dimension) and o the conductivity.



Model construction

Maxwell's equations in cgs units can be written as

10B
VxE:—fa—
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V X L t+uCJ

V.D=4rp, V-B=0,

where c is the speed of light in vacuum and n = /i€ is the index of
refraction.



In regions 1, 3 and 5 the field equations for a TM (p-polarized) wave,

i.e., E=(0,E/, E,) and B = (Bx,0,0), reduce to

The plane of incidence is defined as the y-z plane
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In region 1 the x-component of the magnetic induction B, satisfies the
wave equation (no current, i.e., J = 0)

(97 + 92) Bix = m 5 Bux,

The solution is <
7o
Bi(r, t) = le<t = ”1?)7

where r = (x, y, z) denotes the position vector and s is the direction of
wave propagation.



In region 1, we take Bj, to be the superposition of the incoming plane
wave pulse F and the unknown reflected plane wave f;

Ansatz:

le()/7z7 t): F—f

e F propagates in the direction (0, sin 6y, — cos 61), with 0; the angle
of incidence

e f; wave propagates in the (0, sin 6y, cos ;) direction

Hence,

nlysin01 —zcos@l) B fl(t— nlysin€1 —|—zcos‘91).

Bix(y,z,t) = F(t —
1x(ys 2, t) ( " c

10



Express E;, and E;, in Maxwell’s eq.

On one hand, remember that

ale _ nzlaEly _ale _ nzl aElz
9z ~ tc ot dy ~ 'c ot

On the other hand, calculate the partial derivatives of By,

0Bix  nicosf; O

2 - ¢ st th)
OB1x  nycosth O
dy c 8t(F_f1)'

Insert them in Maxwell’s equations to obtain
ny cos0100(F + f) = nd o Ex,,

and
ny cos100(F — f) = n20oEy,.

11



Express E;, and E;, in Maxwell’s eq.

Rearranging, we obtain
0o (cosb1(F + f1) — mEy,) =0,
which implies that

cos b1 (F + f;) — ni Ey, = K (constant in time).

Hence,

Fl 2. 5) = cos 01 = t_n1y5|n91—zc0591 Lh t_nlysm91 + zcos 01
Y n @ @

Euly,z,t) = 202 {F(t AL nlM>]

nm @ C
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In region 3 the magnetic induction Bs, is a superposition of the unknown
refracted wave gz and the reflected f3 wave stemming from surface 4

ysinfs —zcost93) _ f;»,(t— n3ysm93 +zc0503).

By, z,t) = (t—
3(Y, 2, t) = g3 n3 c c

13



The corresponding components of the electric field strength are

0 sinfl3 — zcos 0 sin0s + z cos 6
B r,2,6)= S50 [y (o p 2SI z00) g yints t zcosty
sin 6 sinf3 — z cos 6 sin 03 + z cos 0
Es:(y,z,t) = 3{g3(t_,,3ya—c3>_,g(t_,,3y3%3
3

)
)|
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In region 5, due to the absence of any reflecting surface, we only have a
refracted wave gs

ysin0s —zc0505)
- D

B5X(y727 t):gf'(t_n-" 2

cos 0 sin s — z cos 6
E5y(.yazat): 5g5(t—n5—y S 5)
Ns C
sin 0\ sinfs — z cos 0
Barly, 2, = = R (e - m =)
B
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Region 2 is a thin layer of thickness /. Maxwell's equations in this
region yield

8,E, — 0,E, = —8Bx
4
@a:@%@+§by

with J, the electric current density.

16



By integrating with respect to z on [—//2, /2] and then taking the

limit L — 0, we obtain the boundary conditions for the field components

0 1 B,

1 E @
[Eiy — E3y] [z=0 =0 : .

4rc [R/2 =0 ), K,

[le - B3><] Iz:O = ? J2de
—k/2 B E, | 03 n3
_ 47rK h i i

T z=-h ) K

where K3, is the y-component of B, E, 59 s
s

the surface current in layer 2.
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The electric field components are completely described for regions regions
1 and 3, hence the matching condition for E is equivalent with

0 ind ino
0.0 = ST (122G %) (-2

nm

-0 [os-nZE) (e 200

= E3Y()/7 03 t)7

securing Snell’s law of refraction
ny sin @y, = nzsin 03.
Introduce the retarded time
t'=t—niysin;/c, i=1,3.

Then

La (F() + A1) = o (&s(t) + A()],

with ¢; = cos0;/n;, i =1,3.
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The magnetic field components are also described for regions 1 and 3
hence the matching condition for B is equivalent with

ind ind
Bix(y,0,t) — Bax(y,0,t) = [F(t - nl&:l) —f (t - nlys'%)]

in 0 in 0
_ {&(t_ m Y5 g (¢ S 3)} — T,
c c c

securing Snell's law of refraction. Hence,

F(Y) ~ () — (85(2) — A(£) = T Kay (¢,
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Using the same procedure in region 4 as in region 2, we obtain the
boundary conditions

[Esy — Esy] [:=—n =0
A —h+la/2

[B3x - B5X] |z=—h = J4de
C Joh—ly)2
47
=t

as lp, — 0
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Equivalently,

i h i —h
Esuy, —h 1) = co;393 [g_o,(t— AL 93—%6— c0593) N f_o,(t— g 250 03 - cos%)}
_ C0595g5(t— nsysinas + hcos s

@

ns ) = E5y(}/7_h7 t)7
securing Snell’s law again

n3 sin 63 = ng sin O

Then

‘ a3 (g3(t' — Ats) + f(t + Atz)) = csgs(t’ — Ats) ‘

with ¢s = cos fs/ns and

hcos 6 hcos 6
Aty = n3 3, Ats = ns 5.
c c
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Similarly, the matching condition for the B-field yields

47
g(t' — At3) — (' + Atz) — gs(t' — Ats) = ?K4y(t’).

ihcos®; .
At; = % i=3,5
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We have four linear relations for the six unknown functions

f;h fi’ng3>g53 K2y7 K4y

The additional two relations are given by the equation of motion for the

. . ds
surface currents, or more precisely for the velocity components —* and

déy,
dt *

In the non-relativistic regime these equations read

m

d25y2 , ,
g2 = elEuyl |=—0= ea [F(t)) + A(t)],

d?s
m dt’y24 = e[E3y] |.=—n= ecs [g3(t' — At3) + (1 + Atz)].
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The governing equations

The dynamics are governed by the delay differential-difference system:

— — 2¢c m
AE)=2"5 . D" S e _oat)— —= . Trgl (¢ — At
3(t) G+ ca+tc 5( 2) Gst+c e | el )
Cs — C3 2¢1 / m / /
- = . ——  |F(t —2At) — —TI20,,(t — 2At 1

+Cs-i-C3 C1+C3{ ( 2) e 20 ( 3)]’ (12)
7 / 2CIC3 e ’ ’ / @ ’

_ e _ e 1
Ba(t) = 52 [SR() ~ R () + S 6(1)] (1b)
5 () = 2ac [SF( — At) ~ 2, (¢ - An)|
va ci+clm y2

G — G e ’ € ’
—fR(t — At —R(t + Ats). 1
+c1+C3C3m3( 3)+C3m3( + At3) (1c)
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The reflected and transmitted waves are respectively

N 1 ’ m 1o ’
At) = —— [(es = ) F() = 263 2128, () + 2s5(¢')]
no__ 2¢c1 ’ m 0 ’
gs(t') = = [F(t + Ats — Atz) ;Fzéyz(t + Ats At3)}

+ LB 4 Ats — Ats) — A + Ats + Ats) — 248}, (¢ + Ats).
a+ac €
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The delay

The time delays are

ih i )
Ar = Miheosti 4 g
C

with ¢ the speed of light in vacuum.

Hence the size of the delay depends on
e the angle of incidence of the impinging plane wave,
e the propagation time between the two surface current sheets,

e the indices of refraction of the dielectrics

26



System parameters




System parameters

e The incoming laser pulse
F(t) = Foe " /27" cos(wot + ¢o)
® Wy = 2% given constant central frequency
o T = ’\—C" optical period, Ay wavelength of the incoming light pulse
e ¢ carrier-envelope phase difference

e 7 given constant pulse duration (ex. two-cycle pulse 7~ 2T)

h larger than the wavelength \q

27



System parameters

I'; has dimension of frequency and it’s physical meaning will turn out to
be a damping factor in the equation of motion of the electrons coupled
with the radiation field

wp, \ 2 7l;

g = ("f) —wp, =24
wo /\0
—_—

= [p

Assumption /; < dskin, Where

c Ne €
Oskin; = ———, wp, = 4m—— (plasma frequency)
2 2 '
Wp, — W
o If e.g. wp, =5.5wp and h = 1)(‘)—%, then
= 037T

28



Non-dimensionalization

Introduce the dimensionless variables:

Vi F f3
LY. (A A
T YT Fo’ 3

At; n;hcos0;
— At* = 7j = 71 J
F’ J T A

where v;(t') =4, (t'), j =2,4.
Inserting into the system, one dimensionless intensity parameter can be
formed:
efo . . .
a = dimensionless vector potential,
mcwo

with Fy the field strength.

29



Dimensionless form of the system

2

Wn(t) = =23 ragF(t) — 2mrus(t) + 2maof(t)]
(o} + C3
2

\'/4(t) = e [27T30F(t = At3) = 27’1’/‘2V2(t = At3)]

a1+

L — @G

2 f(t — At 2 f(t+ At3).
C1+C3C3 Tag 3( 3)+C3 Tag 3( + 3)
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Dimensionless form of the system

The reccurent equation can be nondimensionalized to obtain

fs(t) =

G —C3
Cs + C3

Cs —C3

Cs + C3

2C5

Cs + C3

2B f(t—208)

1+ ¢c3

2¢c1 ra
F(t —2At3) — —w(t — 2At;
¢+ C3 ( 3) ao 2( 3)

. r—4v4(t — At).

a0
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Dimensionless form of the system

The reflected wave f,(t), and the transmitted wave gs(t) in their
dimensionless forms are

fi(t) = —> {(Q—cl)F(t)—2C3r2VQ(t)+2C3f3(t)}

c + ¢c3 ap
and
2¢; r
t) = F(t+ Ats — Atz) — — t+ Ats — At
gs(t) & @ { (t+ Ats 3) 2 va(t + At 3)]
G —GC ra
f(t+ Ats — Ats) — (t + Ats + Atz) — —va(t + Ats).
c1 + C3 40
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On delay differential equations




Példak késleltetett differencialegyenletekre

A zuhanyzé ember problémaja

T (t) : viz hémérséklete a keverGcsapnal
t id6pillanatban

T* : idealis hémérséklet

h > 0: az id6, amig a viz a
kever6csaptdl a zuhanyrézsan keresztiil

a testhez ér

a > 0 : paraméter - mennyire hevesen
avatkozik be a zuhanyz6 személy?

Az egyenlet:
T'(t)=—a(T(t—h)—T%)

33
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Egy kis elmélet

Egy egyszer(i(nek tiing) késleltetett differencialegyenlet

Tekintsiik a kovetkezd példat:
x(t) = —px (t) + f(x(t - 1)), (1)

ahol >0 és f € C! (R,R).

Hogyan kapjuk a megoldasokat? Szeretnénk megoldasokat meghatarozni
a pozitiv félegyenesen.

Nem elegend6 x (0)-t megadni!

Ahhoz, hogy meghatarozzuk a megoldast [0, 1]-en, ismerniink kell a
megoldast [—1, 0]-n.

35



Megoldhaté t > 0-ra

Legyen ¢ € C = C([-1,0],R). Hatarozzuk meg azt az x¥ megoldast,
amelyre x¥[[_1 0] = .

Vegyiik észre, hogy t € [0, 1] esetén
x(t) = —px(t) +f(e(t—1)).

[0,1]-en ez egy elsérendii linearis egyenlet = x¥ (t) meghatarozhato
t € [0,1]-re.

36



Megoldhaté t > 0-ra

Legyen ¢ € C = C([-1,0],R). Hatarozzuk meg azt az x¥ megoldast,
amelyre x¥[[_1 0] = .
Vegyiik észre, hogy t € [0, 1] esetén

x(t) = —px(t) +f(e(t—1)).
[0,1]-en ez egy elsérendii linearis egyenlet = x¥ (t) meghatarozhato
t € [0,1]-re.

Ha x? ismert [0, 1]-en, akkor kiszdmolhaté [1,2]-6n, és igy tovabb.... x¥

létezik a pozitiv félegyenesen.

T xP )
I xf 0 t-1 t N




A fenti médon kénnyii igazolni, hogy a megoldas létezik pozitiv t-re, de...

e mik a periodikus megoldasok?
e milyen a megoldasok aszimptotikus viselkedése t — oo esetén?
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A fenti médon kénnyii igazolni, hogy a megoldas létezik pozitiv t-re, de...

e mik a periodikus megoldasok?
e milyen a megoldasok aszimptotikus viselkedése t — oo esetén?

A megoldasok aszimptotikus viselkedését nem az euklideszi térben,
hanem C = C([-1,0],R)-ben vizsgaljuk.

Szegmens
x{ € C:xf(s)=x%(t+s) se€[-1,0].

A

X N >
-1 xP 0 N t

x{ —7?, hat — co?
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A késleltetés hatasai

x'(t) = Mx(t)+px(t—1), t>0
x(t) =-t+1, te[-1,0]
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Solution of the resulting system




Special cases

When n3 = ng, then
vs(t) = g(t) — bva(t) — dva(t — Atz),

vi(t) = g(t — At3) — bva(t — At3) — eva(t — 2At3) — fuy(t).

and

I
() = ——va(t — Ats)

a0

Fo A%
o An
: m
ns
[h 9 i 7t

g "o
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Special cases

e When n3 = ns, then
X'(t) = Ax(t) + Bx(t — 7) + Cx(t — 27) + h(t)
e When ny = n3 = ng, then

x'(t) = Ax(t) + Bx(t — ) + h(t)

x(t) = ( EE:; ) . T=Ats

where

40



The analytic solution

Consider the IVP (n3 = ns)
x'(t) = Ax(t) + Bx(t —7) + Cx(t —27) + h(t), t >0
{x(@) =¢(0), —21 <6 <0.
Let denote X, ®, and H the Laplace transforms of:

X(s) = Lx, &(s) = L(6(- — 27)), H(s) = Lh

By taking the Laplace transform, we obtain

X(s) = A7Y(s) [¢(0) + Bd(s) + Cd(s) + H(s)]

=V(s)

where

A™Ns)= (s —A—Be ™ — Ce_QTS)_1

41



Take the inverse Laplace transform to obtain the solution

1 c+iT
X(t) = o lim / e A1(s)V/(s)ds
c—iT

for any sufficiently large constant ¢ > sup{R(s) | det A(s) = 0}.

Characteristic equation
det A(s) = det(s/ — A— Be™ ™ — Ce ™) = 0.
The point spectrum

7y ={\€C|det A(\) = 0}.

42



Lemma
For the roots of the characteristic equation the followings hold

() A=0¢€ o, and it is a simple root.
(b) VA €0, \ {0}, R(A) <O.
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e When n; = n3 = ns and when ny # n3 = ns, then

3

VA€o, ={\eC|detA(\) =0}, R(\) <0

3\

ERED

T s 4 as @ gkzﬁ(l)

s

Figure 1: o, for ny = n3 = ns and ny # n3 = ns.
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The solution

x(t) =X(t)¢(0) + /OT X(t —0)Bop(6 — 7)dO + /027 X(t —0)Co(6 — 27)db
+ /Otx(t —0)h(0)do, t>0.

with %(t) the fundamental matrix solution of the homogeneous problem

f(t) = / et A71(s)ds + Res etAT1(s) = / et A71(s)ds + M,
(—a) o= (—a)

45



Corollary

Suppose h : [0,00) — R? is a given exponentially bounded function, i.e.,
there are Ky > 0, 8 > 0 constants such that

|h(t)|| < Kie Pt t>0.

Then the asymptotic behavior of the solution x(t), with given initial
function ¢ on [—21,0], as t — oo is

2T

Jlim x(t) = {¢(o +B/ o0 ~m)do+ C | ¢(9—27)d9+/000h(9)d9}

46
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Figure 2: The solution of the system (right), the reflected, transmitted and

incoming waves (left), with initial function ¢ =0, for ny =1, n3 = ns = 1.1,
0. =7/3, 7 =6.78, [ = 2nm.
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Figure 3: The solution of the system (right), the reflected and transmitted
waves (left), with initial function ¢ = (1, —1)".
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Figure 4: The solution of the system (right), the reflected and transmitted
waves (left), with initial function ¢ = (0.02,0.01)7, for n1 =1, n3 = ns = 1.1,
91 = 71'/3, TE 6.78, li =2nm.



The solution of the singularly perturbed system

Consider the DDS system
)'(1(t)

X2(t) = Ax(t)+ Bx(t — 1)+ Cx(t = 27) + h (F(t), F(t — 7), F(t — 27)).
0

Replace the delay difference equation for f3 with a delay differential equation:
%(E(e)x(t)) = Ax(t)+Bx(t—71)+ Cx(t—27)+h(F(t), F(t — 7), F(t — 27)),

where the coefficient matrices are as in the DDS system, ¢ > 0 small and

E(e) = ('252 2) :

49



Applying the Laplace transform to the system, we obtain
X(e,5) = A7 (6,5) [6(0) + BO(s) + Cd(s) + H(s)],
where A(e, s) is the characteristic matrix, defined by
Ae,s) = sE(e) — A— Be ™ — Ce 2™,

Taking the inverse Laplace transform, the solution of the inhomogeneous
problem with initial function ¢ is

x(e, t) = /( A EO(O) + BO) + CO(s) + H(o ) ds

for any sufficiently large constant a > sup{R(s) | det A(e, s) = 0},

50



Lemma
For the roots of the characteristic equation the followings hold for all
€e>0

(a) A=0¢€ o,(€) and it is a simple root.
(b) YA € g,(e) \ {0}, R(N) < 0.

51



The solution of the perturbed system

x(e, t) =X(e, t)E(e)p(0) + /T X(e,t —0)Bp(0 — 7)do
Jo
2T &
+ / X(e,t —0)Co(0 — 27)d0 + / X(e,t —0)h(0)do, t>0.
0 0
where
K(e, t) = /(_(Y) eSTAT (e, s)ds—i—l?zeg eTA (e, s) = /(_a) eT A (e, s)ds+M(e)

The asymptotic behavior

lim x(e, t) =M(e) {E(e)¢(0) +B /0 " 50— 1)do+ C /0 7 o0 — 2T)d9}

t—o00

+ M(e) /0 ~ h(6)do
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The solution of DDS (¢ — 0)

Corollary
Let x(e, t) be the solution with the initial function ¢ € C([—2T,0]),
which is of bounded variation and where h € C([0,00)) and of bounded
variation. Then

EI_i)rgJr x1(e, t) = x1(0, t), EI_i,%L xo(€, t) = x(0, t),
where the convergence is uniform in t for t € [0,00). If ¢ € C([—27,0])
and of bounded variation and if h € C([0,0)) and of bounded variation,
then

lim x3(e, t) = x3(0, t), forall t € CQ,

e—0+
where CQ = [0,00) — {t* | t* = j7,j > 0,j € Z}. The convergence is
uniform in t for any compact subset of CQ. If moreover,

< (E0(1)) le—o-= AB(0) + Bo(~7) + Co(~2r) + h(0)

holds, then the convergence of x3 will be uniform for t in [0, c0). >3



0 5 10 15 20 25 30 35 0 10 20 30
Time in optical periods [T] Time in optical periods [T]
Figure 5: The solution of the DDS system (right), the reflected and
transmitted waves (left), with initial function ¢ = (0,0,0)7, for n; =1
n3 = 11, ns = ].47 01 = 71'/3, T = 678, l2 = l4 =2nm.
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Figure 6: The solution of the system (right), the reflected and transmitted
waves (left), with initial function ¢ = (1, —r2/ra, ra/a0)”, for n =1 n3 = 1.1,
ns = 1.4-7 0, = 71'/3, T = 6787 b =1l =2nm.

500 1000 1500 2000 500 1000 1500 2000
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Figure 7: The solution of the system (right), the reflected and transmitted
waves (left), with initial function ¢ = (0.02,0.02,0.03)", for n; =1 n3 = 1.1,
ns = 1.4-7 0, = 7I'/37 TS 6787 b =1las=2nm.
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Conclusions




Summary and future work

e We solved the resulting coupled system of DDS when all three
dielectrics have different index of refraction.

e We have studied the most general case using the theory of singularly
perturbed systems.

e Studied the asymptotic behavior of the solution.
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e Look at the short time behavior and observe which characteristic
roots have dominant role (only numerically done). On which time
scale can they be seen?

e Try other angle of incidence (this changes the size of the delay).
Also interesting to change the delay by increasing the distance
between the layers.

e Use a different incoming profile.
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Future short- and long-time plans

Research:

e Invert the geometry in the one-layer case.

e Study the nonlinear dynamics resulting from the relativistic
assumption.
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Backup slides

When n; = n3 = ns, the input parameters are computed as:

Fo/(V/cm) = 27.46 x \/To/ (W Jcm?)

Ao

= 1000

= 0.79nm (the layer is transparent to the radiation field)

2
o (we ) Th
’ (WO> Ao

If wp, = 10wp, then dgin, = 1.65% and r; = 0.3.

h:].O*)\()



Backup slides

When ny = n3 = ns, change only:

A
/,-:ﬁ:an%r,-:OJS
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