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When two gases mix their temperatures equalize.
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Introduction

; ; e mv2
Kinetic energy of a particle: 75-.

Total kinetic energy of a gas: K =),

N m,v2

Kinetic theory of gases: temperature of a gas is proportional to the
mean kinetic energy of its particles.

mv2

N
:N; 2

\{
12
ZI

Temperatures equalize <> mean kinetic energies equalize.
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o
Egyensiily felé torekvés...

First attempt at a mechanical explanation of equalization of
temperatures based on the kinetic theory: Proposition VI of
Maxwell (1860): “lllustrations of the Dynamical Theory of Gases.”
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Introduction

It seems amazing to me that Maxwell should have

thought he was proving a tendency toward equalization
of kinetic energies by this argument, or that any of his
contemporaries who bothered to examine the argument
in detail would have accepted it. (Brush 1976, p. 344)

. a rather lame argument. (Uffink 2007, p. 951)
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Equalization of kinetic energies
:

Suppose that a box contains red and blue particles; for simplicity
we assume that similarly colored particles have the same mass.

Let the total kinetic energy (and hence the temperature) of the red
particles be higher than those of the blue: K > K.

We need to show that this difference diminishes over time, that is
Kt — Kt = 0.

We will assume that all collisions are pairwise and perfectly elastic,
and hence the combined kinetic energy of two particles do not
change during a collision. We also assume that in time interval At
many pairwise collisions occur, but no particles collide with more
than one other particle.

:
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Equalization of kinetic energies
: :

Kpe: total kinetic energy of red particles (before collisions) that do
not collide during At,

K,: total kinetic energy of red particles (before collisions) that
collide with red particles during At,

Kp: total kinetic energy of red particles (before collisions) that
collide with blue particles during At.

Then

K—K=(Knc—l—Kr—i-Kb)—(Knc—l-Kb—i-Kr).

Kne, Kry Kne, Kp does not change during At.
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Equalization of kinetic energies
; ;

Kp and K, may change during At, so any change in K — K during
collision is due to a change in K, — K.

The following proof attempts to show that after the collisions
K}, — K, ~ 0, and hence K" — K < K — K (if K, — K, > 0).

Then after many At collision periods Kt — K* — 0, and hence the
temperatures of the red and blue gas equalizes.

(Remark: The assumption that K, — K, > 0 is very “probable”,
but not necessary! Allowing for the second law to have only
statistical validity is another very neat feature of the proof.)
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: :
Egyensiily felé torekvés... MTA BTK FI

o
o)
I
i
it




R
Introduction A simple proof Proposition VI Proposition -l Condition M Finis
0000 0ooe 000000 000 000

0000 000 000000
00000 o]
: :
Equalization of kinetic energies
: :
How does the proof work?
(i) First analyze pairwise collisions.
(i) Aggregate the result of many collisions by making a
probabilistic independence / frequency assumption about
many collisions.
o = = = DA
: :
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Pairwise collisions

vh, V¢ incoming velocities of particle h with mass m and particle
¢ with mass M.

v}, Vi: velocities of particles h and c after rebound.

Velocity of center of mass: vy = ,M;M(mv,7 + MV,).

Vp =Trh+Vcm,

where r,: incoming velocity of particle h relative to the velocity of
center of mass.

/o /
Vi =T, + Ve

o 5 = = £ DA
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Pairwise collisions

Due to conservation of momentum the collision does not change
the velocity of the center of mass: vy, = veu.

Maxwell (in Proposition I-I11) shows that the collision keeps the
magnitude of velocity relative to the center of mass intact:

rh =1l = Iral = ra,

however the collision alters the direction of rebound, i.e. the
direction ), = rl,r’h of the velocity relative to the center of mass.
h

In sum the velocity after rebound can be expressed as

~l
Vi =vem + rp B
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Pairwise collisions
: :
Figure: v, V: incoming velocities; &« = Z(v,V): angle between incoming
velocities; r = v — v¢y: incoming velocity of particle h relative to the
center of mass; r': velocity of particle h after rebound relative to center
of mass; v/, V': velocities after rebound (v/ = vcy + 1');
/ Al
v=2L(vem, ') = L(vem, P).
=} = = E = DA
: :
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Pairwise collisions
: :
First let’s assume that m = M = m. The following can be thought
of as a charitable reconstruction of the proof of Maxwell's
Proposition VI (more on this later).
Brief calculation shows that the difference between kinetic energies
after a pairwise collision takes the form:
12 12
mv mV R
ho ) =2mryvem - 7. (1)
2 2
=] F = = £ DA
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Many collisions
; ;

Consider many pairwise collisions that happen between red and
blue particles that share the same center of mass frame.

Key assumption: all directions of rebound occur with roughly
equal frequency.

Let us write (h, c) € IA} whenever
— particles h and ¢ collide during At,
— his a red particle with incoming velocity v,

— c is a blue particle with incoming velocity V.

We assume that At is long enough for [IA¢| to be “large,” but
short enough to allow for at most one collision for each particles.

] = =
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Many collisions

Let's add up the equation (1) for all colliding particle pairs whose
incoming velocities are v and V. We get

mvi2  mv.?
y (mm e
(h,c)elﬁ\t,

since for fixed v,V (and hence fixed rj and vcpy) the right hand

side terms in the added up equations (1) cancel for opposite t,
directions of rebound!
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Many collisions
;

Now add further up for all different possible v and V:

mvi2  mV.?
> > | Ro 3)
vV (he)elty

which, since we accounted for all colliding red and blue particles
exactly once, after normalization yields

mv’2  mVy”2
- ~ 0 4
- w0, *)
meaning that
27 - K;‘ ~ 07

which is what we intended to prove.
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Many collisions
; ;

When the two colliding particles have different masses instead of

(1) we get:
mv/,? B MV 2 _ (m-M 2 imv A% (5)
2 2 m+ M 2 2
mM(m — M)
2———————— v,V 6
ez Ve (6)
+2mrpvepm /I>Ih (7)
=] F = £ DA
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:

Many collisions
;

e Cancellation of the third term: hold the incoming velocities v
and V fixed.

e Cancellation of the second term: assume further that all
directions of incoming velocities for colliding particle pairs

occur with roughly equal frequency. (Return later to the issue
of physical reasonableness!)

Result of summing up for all collisions:

mv’2 /\/IV’2N m—M\? [ mv2 MV2 (8)
2 2 T\ m+M 2 2 |’

meaning that the difference between the mean kinetic energies of
the colliding particles decrease after the collisions.

] = =
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; ;
Comparison with Maxwell’s own words
; ;

It seems amazing to me that Maxwell should have
thought he was proving a tendency toward equalization
of kinetic energies by this argument, or that any of his
contemporaries who bothered to examine the argument
in detail would have accepted it. All Maxwell has done is
to pick out one very special kind of collision for which the
kinetic energies become more nearly equal and then claim
that the same result will follow for all collisions. This is
an instance of a very common fallacy in statistical
reasoning [...] (Brush 1976, p. 344)
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: :
Comparison with Maxwell's own words
: :
Reminder:
2 2 2
mi2 MV m—M\%(m2 MV2
2 2 m+M 2 2

mM(m — M)
2—————— v, -V
+ (m+ M)2 Vh C

+2mryvem '?lh'

(Note: this formula does not show up in Maxwell's proof.)
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:

Comparison with Maxwell’s own words
:
On the surface reading, Maxwell seems to have considered a

collision between particles with the following choices:
(al) Z(vem, ) = 90°.

;2
th

Substituting (al) the third term cancels and we get:

MV (m=M\? mvi MV2
2 2 - \m+M 2 2
+2mM(m— M)

(m+ M)2 Vp 'VC
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Comparison with Maxwell’s own words
: :
Maxwell also assumes:
(@a3) vp=7v, V=V,
(ad) |vp = V| =|v—-V],
which, due to his Proposition V, entails
(a2) Z(vp, V) =90°.
Applying these assumptions Maxwell's derivation would have
established
—2 —2
w2 MV (m—M\? [(m?2 MV ©
2 2 \m+M 2 2 ’
but he interprets the formula he derives as if he obtained the
previously seen
mv2  MV72 m—M\2({m2 MV2 10)
2 2 T \m+wM 2o «&D SRR ¥ gac
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;
Comparison with Maxwell’s own words

This is an instance of a very common fallacy in statistical
reasoning: to assume that if a certain member of a
population is just average with respect to property A,
then any other property B, computed for that one
member, will be equal to the average value of B for the
entire population. In other words, one can interchange
the operation of averaging with any other analytical
operation. This type of shortcut is expecially [sic!]
tempting when, as in gas theory, one has to deal with an
effectively infinite population, and one knows that the
distributions of some properties, at least, are very sharply
peaked around the average value. (Brush 1976, p. 344)
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Comparison with Maxwell's own words

Have Maxwell committed this statistical fallacy, or was his proof
instead being too terse?

In Propositions I-Ill of his paper Maxwell tries to establish the Key
Assumption of the proof by analyzing particle collisions with the
aim to argue that particle collisions form a sort of process that
brings about a stationary distribution of kinetic energies:

If a great many equal spherical particles were in motion
in a perfectly elastic vessel, collisions would take place
among the particles, and their velocities would be altered
at every collision; so that after a certain time the vis viva
will be divided among the particles according to some
regular law, the average number of particles whose
velocity lies between certain limits being ascertainable,
though the velocity of each particle changes at every
collision (I\/I;aymm// 1860 _n_289 ,)
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: :

General structure of the first six Propositions of the 1860 paper:

Prop. |-IlI: analysis of perfectly elastic collisions.
Prop. 1V: velocity distribution law.
Prop. V: distribution of relative velocities.

Prop. VI: equalization of mean kinetic energies.

o 5 = = £ DA
;
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: :

Condition M and Condition A
:

The direction or rebound # is a vector of unit length that

parametrized by a so-called impact parameter p.
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: :
Condition M and Condition A
:
c
81 + 82
F%

Figure: r: incoming velocity of particle 1 relative to the center of mass.
C: circle of radii s = s; 4 s, centered on the second particle in the plane
perpendicular to r. p: point where the line of motion of the first particle
intersects circle C.

o = = = z 9ac
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:

Condition M and Condition A
:

Maxwell's Proposition Il shows that if the assumption that

Condition M the impact parameter p is distributed uniformly
within the circle C

holds then

Condition A the #(p) directions of rebound are distributed
uniformly on the surface of the unit sphere.

When we consider collisions between many particles Condition A
implies our Key Assumption.
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: :
Maxwell's proof of Proposition Il
:

Figure: Ratio of the shaded area between circles of radii t and t + dt to

. . 2— 2 2
the area of the whole circle C (of radii s): (Hdts)zw I _ 2“”;{‘#

~ 2tdt
s2

£ DA

:
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:
Maxwell's proof of Proposition Il
:

Figure: t = ssin (3¢); dt = scos (1) $d¢; hence the area
2tdt _ 25in(5¢)-s3 cos(3¢)
2 — 2

d¢ 1
)

— Lsin(¢)do.

S
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: :
Maxwell's proof of Proposition Il
: :

Figure: y = xsin(¢); u = 2xsin (3d¢) ~ x - d¢. Shaded area on the
surface: ~ u-2ym = x - d¢ - xsin(@)m = 4nx? - % sin(¢)dp = 3 sin(¢)d¢

. . _ L . . . . .
after substituting x = i which is the radius of a sphere with unit

surface area.
o P = = = 9ac
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Justification of Condition M?
: :

Condition M the impact parameter p is distributed uniformly
within the circle C.

How can Condition M be physically justified?
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Justification of Condition M?
:

Finis
000000
o

Particle R

Particle P

Particle @

rl 2r
Figure: For an ideal gas the (mean) free path / is much larger than the
radii of the particles.
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:

Justification of Condition M?
:

Further problems with Condition M:

e Needs to hold for all successive periods.

e There is no justification of it in terms of the underlying
dynamics. (Research question: what sort of dynamics satisfies
the condition approximately?)

e Loschmidt reversibility objection!

e “No matter what the other particles are doing” — a form of
probabilistic independence.
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Maxwell's Proposition |V

Condition M

Finis

What is the relationship between Condition M and Maxwell’s

assumption of independence of velocity components that is the key

behind his proof of his famous Proposition IV (the velocity
distribution law)?

Prop. 1V. To find the average number of particles whose
velocities lie between given limits, after a great number
of collisions among a great number of equal particles.
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Finis

Maxwell's Proposition |V
:

Maxwell's proof relies on that the only solution of

£2(0) - F(Iv]) = F(w) - F(vy) - F(v2) (11)
is the Gaussian

fF(v)) = C-e*. (12)
Equation (11) arises from three assumptions: that
(A1) a stationary velocity distribution exists;

(A2) the components of velocity in an orthogonal coordinate
system are independent: f(v) = f,(v,)f, (v, )fz(v;);

(A3) the velocity distribution only depends on the magnitude of the
velocity: there exists a function g for which f(v) = g(|v]).

] = =
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Maxwell's Proposition |V

Let N be the whole number of particles. Let vy, vy, v, be
the components of the velocity of each particle in three
rectangular directions, and let the number of particles for
which vy lies between vy and vy + dvy, be Nf(vy)dvy,
where f(vy) is a function of vy to be determined.

The number of particles for which v, lies between v, and
vy + dv,, will be Nf(v,)dv,,; and the number for which v,
lies between v, and v, + dv, will be Nf(v;)dv,, where f
always stands for the same function.

Now the existence of the velocity v, does not in any
way affect that of the velocities v, or v,, since these
are all at right angles to each other and
independent, [.../

Egyensiily felé torekvés... MTA BTK FI



Introduction A simple proof Proposition VI Proposition I-I11 Condition M Finis
0000 0000 000000 000 000
0000 000 000000
00000 o
:

Maxwell's Proposition |V
:

[...] so that the number of particles whose velocity lies
between vy and vy + dvy, and also between v, and
vy + dvy, and also between v, and v, + dv;, is

Nf(vi)f(vy)f(vz)dvidvydv,.

If we suppose the N particles to start from the origin at
the same instant, then this will be the number in the
element of volume (dv.dv,dv,) after unit of time, and
the number referred to unit of volume will be

Nf (v ) f(vy)f(vz).
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: :
Maxwell's Proposition |V
: :
But the directions of the coordinates are perfectly
arbitrary, and therefore this number must depend on the
distance from the origin alone, that is
F(v)f(v)f(vz) = d(v2 + v2 + v?)
X $% z) = ' y > )
Solving this functional equation, we find
2 2
fve) = Ce™*,  ¢(v?) = C3e*.
o F = = DA
: :
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Maxwell's Proposition |V

By applying the fact that the total number of particles is finite and
fixing the constants, f(vy) turns out to be the normal distribution,
2

V,

1
a/m

velocity in a given direction lies between v, and vy + dv is

1 _%
dNYFd = N———e™ 2 dv,
X
ay\/ T

and the number whose speed lies between v and v + dv is

4 2

dNy Y = N5—=ve” 2 dv.
adym

— X .
e 2. Thus, Maxwell concludes, the number of particles whose

(13)
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: :
Condition M and Proposition IV

:

Which independence assumption Maxwell believed to be
in need of justification for the proof of Proposition 1V?

Value independence. Probabilistic independence.
!ndt_ependence ass_umplion is . Independence characterizes
justified, but value independence is velocity components of ...
insufficient for proof of Proposition IV.

...collection of particles. ...individual particles.

Independence assumption may be partially
justifiet by Condition M.

Probability is understood as...

... objective. ... Subjective (principle of

insufficient reason is invoked
to justify independence).

Do velocity components at a

given time have definite value?

Independence assumption is
justified by an unjustified
principle. It's unclear how

Yes. No. conclusions regarding objective

I w could be reached.

Independence assumption Independence assumption may be
does not make sense.

partially justified by Condition M, but
this is an anachronistic possibility.
=} 5
;
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Conclusion

If we charitably assume that Maxwell’s arrangement choices stood
in as geometrically intuitive shortcuts for a cancellation argument
which (as we showed) can be based on his own prior analysis of
particle collisions, Proposition VI becomes a terse but convincing
demonstration of an irreversible tendency towards equilibrium that
lives up to the standards of its time. If so then Maxwell's 1860
proof preceded Boltzmann's first attempt at a mechanical
explanation of tendency towards equilibrium with at least 6 years.
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