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|ntroduction

-

Muon anomalous magnetic moment is known to be sensitive to radiative corrections.
Classical Dirac equation: g := ‘”’”LT“ — 2.
QFT: g # 2 because of radiative corrections, sensitive to model content.

Therefore, g—2 is a sensitive probe for SM / BSM physics (g—2 Collaboration).
Experimental value: a := (g;—Q) ~ 0.0011659209... is in 3 o disagreement with SM.

Electric Dipole Moment (EDM) of particles are sensitive to their internal structures.
Cartoon analogy: water molecule.

Dipole
moment

Therefore, EDM is a sensitive probe for SM / BSM physics (CPEDM Collaboration).
Planned experimental sensitivity: 10~22 V cm, physics reach ~3000 TeV particle mass.
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How muon g—2 is measured?

s

Spin Precession in g-2 Ring
(Top View)

— Momentum
vector

— Spin vector

SACLAY, 7 July 2008 Yannis Semertzidis, BNL ds ixB+dxE

article goes around with circular frequency w, spin lags with a w from momentum.,

|
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How EDM is measured?

The spin precession relative to momentum in the
plane is kept near zero. A vert. spin precession
vs. time is an indication of an EDM (d) signal.

ds
a di

=dxE

Yannis Semertzidis, BNL
LPrecession due to magnetic moment compensated by fields (“frozen spin”), rest is EDM. J
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GR corrections: —‘

® Recently a series of preprints appeared claiming that the General Relativity may give
contribution to the muon g—2 and generally to spin precession experiments.
T. Morishima, T. Futamase, H. M. Shimizu:
ar Xi v: 1801. 10244, ar Xi v: 1801. 10245, ar Xi v: 1801. 10246.

B Other authors claim that the effect is very small, much beyond the experimental
resolution of 10~7 relative error.
M. Visser: ar Xi v: 1802. 00651, P. Guzowski: ar Xi v: 1802. 01120.

® There are also other authors, who claim that the effect exactly cancels.
H. Nikolic: ar Xi v: 1802. 04025.

Which claims hold?

L I

It seems to be difficult to say something from first principles.
(Also, formulas for the de Sitter and Lense-Thirring effect do not apply.)

® For EDM: there are some papers warning about possible GR effects.
NPB911(2016)206, PRD76(2007)061101, PRD94(2016)044019, PLA376(2012)2822.
Approximative calculations, qualitatively OK, quantitatively not OK against real GR.

® One info from first principles: only Earth’s field matters.
Because the system is free falling against other gravitating objects.
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Thekinematic setting

Domain of outer communication
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Due to transporting vectors on closed loops, the effect is very likely there.

difference is expected due to curvature

Curvature is just measures this effect, but could be small.
(“Wilson loop”)

The only question seems to be: can such effect be large enough?

o |
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Coordinate conventions:

1
dab — T
0 0 —r2 0
\ 0 0 0 —r2sin2¢9 )

Earth surface

L=R sin®

Schwarzschild metric is time translationally (¢) and spherically (4, ¢) symmetric.
Earth: » = R = const.
Storage ring: r = R = const, ¥ = © = const.
LEIapse of time: measured by proper times. Curve parametrization: by Killing time ¢. J
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Worldline of orbiting muon:
( t )

R

©
\ wy/1— 5t mod 27 )
helical in spacetime.

Worldline of the beam injection point in the lab:

(1)
\ 0

%) =
a Killing time translation worldline.
The two intersect at full revolution times: ¢t = n—2%—.
o \1-7F
In these points, transported vectors could be compared.
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Therdativistic gyroscope equation

How spin direction vector evolves when forced on a worldline?
It is described by the Fermi-Walker transport:
Hawking-Ellis: Large Scale Structure of Spacetime; Cambridge University Press (1973).

It is a modified version of the parallel transport V, such that it conserves angles.

If w2 is a future directed unit timelike vector field, the E-W. derivative of a vector field w? is:

D,gwb = uddeb + gacwaubudvduc — gacwaucudvdub

Properties:
(i) DEub = 0, (i) whenever DFw? = 0 and DX v? = 0 then u?V 4(w,v?) = 0 follows.

Relativistic gyroscope equation:

Dgwb:O

It is a parallel transport, taking into account the constraints

b b

uaubzl, wqaw" = —1, wugw” = 0.

ee also: Gravity Probe B satellite experiment.

Quantification of GR effects in muon g-2, EDM and other spin precession experiments — p. 10



First we just solve the gyroscope equation for spin propagation along a forced circular orbit.

Then, we include the electromagnetic effects as well.
Full equation would be Bargmann-Michel-Telegdi (BMT) equation:

uVaub = —% Fa +— (Newton eq.)
DFwb = —2pu (Fbc — ulugFe — deuduc> We +— (BMT eq.)

which causes Larmor precession in addition, due to F ;.

This is used by physicists/engineers for beam optics design.

o |
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d—’wwb(t) + A Tge ww(t)
| t

. : 1 .
+ GacWy (t)—Q’Yw 'YwdFde'Yw gacwwa(t)ﬁfyw
w

C -

’Ywnge’Vwe = 0,

d :
“wo(®) + Fo e woc(t)
1 1

d . d _
+ GacWo ( >A02 Yo 70 I‘def)/O — QGacWo ( >A02 Yo 70 I‘def)’O = 0.

Because of the symmetries of the spacetime and of the orbit, this is a homogeneous linear
differential equation with constant coefficients!

Ay = \/gab’.)’wa’ywby
Ao = Vgab¥0*0b

in order to compensate Killing time < proper time.

o |
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N .

Actually, the Fermi-Walker transport equation of any vector vo® along the lab reference curve
t — ~o(t) simplifies to Lvob(t) = 0.

Thus, the second equation simplifies:

d .
1 . 4. . . .. :
+ Gacwe (8) 75 Y TheFw® = Gacwio® (1) 5% Taedn® = 0,
w w
d b
SwePt) = 0
S wo ()

Homogeneous linear differential equations with constant coefficients!

o |
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Evolution equations:

d b
— w2 (t
oW (t)
d

b
S wob(t
o

Analytic expression of the evolution matrix:

= 0.
(-3 %)
(%)
0

0
(-3 %)
%)

]:wba wwa(t)7

s
]_—b_w l_ﬁ
Y1 — w22

_(L)?
4 —wLR 1 (R)l 0 )
: ()%
0 Ly (1—-35F)
0 FVL- (%)
21— (8 o
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-

F..Lcg® is antisymmetric, thus F,,P, describes a Lorentz transformation generator.
Also, F.,P, u,?® = 0, thus it is an u,-rotation. (u., ug are four velocities of ., vo.)

-

This is an absolute, observer independent effect, called Thomas rotation
These provide possibilities for analytic crosscheck, which do pass.

GRTensorll Maple package was used.

o |
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Precession as seen by observer

Actually, in the muon g—2 experiment the spin orientation is measured by weak muon decay:

o —> Vy t+Ve+te€

Momentum conservation + angular momentum conservation + fixed helicity of neutrinos
= the emission angle of e is correlated with muon spin (“self-polarimeter”).

Incoming e signal is watched continuously as a function of timestamp to see precession.

_t . .
Rate will vary accordingto ~e 77 (14 A cos(twq + ¢)) Where w, is the revolution
frequency of longitudinal projection of spin vector.

= Einstein synchronized lab observer is necessary, not a local measurement.
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Four velocity field of the injection point worldline ug can be spread along circumference:

Lie transport along 9(p

Y—proper time=const surface
(= Killing time t=const surface)

-

B

\

____________ - Lie transport along 9

(=Fermi-Walker transport alongy,

Y—proper time=const surface
(= Killing time t=const surface)

original Lb vector at the injection point
transportedy, vector, omnipresent at the worldsheet of storage ring

“Lie extension”: any vector can be spread in this way to the storage ring worldsheet
(v* vector — v vector field, for which £y, 9* = 0 and Ly 0% = 0 holds).

o

|
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How the spread, Einstein synchronized ug observer measures time evolution?

Lie transport along acp

F—/ y,—proper time=const surface

< > -parallel transport alongy,

parallel transpo\rt alongy,

Y—proper time=const surface

By comparing u., parallel transportto ug parallel transport + 9., Lie transport.

Time evolut|on of a vector field along curve ~,, as seen by observer:
a c . c . _ 1 d 1 (b b a ,.cC
(v®)’ AL Vev® —ugVetd® —wly 0 = Agacv” T Ao (%8 —45) Tg ve.
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How the spread, Einstein synchronized ug observer views moving three-vectors?

b
W, = Buw,uoab Ww,ug
T T T
absolute boost as seen by observer

(obeys gyroscope eq.)

 (uwHuo®)(uy pt+ugp)
14+uw ¢ ug©

Buw,anb = 5ab

Putting all this together, the relative gyroscope equation is:

/
(ww,uof) — (I)Z;,uofb wwauob
with
T f 1 . d . d f 1 f a e
Poug b = An (%J —70> Fgp  + An Bug,ue a Fu'e Bug,ug b
0 0

+2uu®ugp Is the Lorentz boost from ug to w,,.

|
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N . _ N

Analytically seen: &7 ug fy is an ug-rotation generator.
It describes a relative phenomenon, called Thomas precession

Best presented via its ug Hodge dual (angular velocity vector):

1
QL UO = 3 up? /—det(g) €abed 9°F CIDZ;’UOCe g%

If d* is a corotating vector field along ., i.e. —da = 0, then:

( df) e uofb 4P
with
1
oC — ( ) rf
w,uQ b AO Yo — 70

because of the definition of (-) It has corresponding Q¢ uOf Cyclic motion .

E.g.: d* = $%, then @q wew,wy® Will oscillate with |QZ ,  — QS |. — observable of g—2 !
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The electromagnetic (Larmor) precession

The particles orbit in a vertical magnetic field of storage ring.
Let #¢ be the outward pointing unit radial vector field of » = const surface.

From this one can construct the vertical vector field ©¢:

radial vector field initial radial vector

parallel transport,
along geodesic

vertical vector field

r=const, t=const surface r=const, t=const surface

(Parallel transport in terms of induced metric g,p + 7o 7p — dredry.)

o |
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Homogeneous magnetic field in Schwarzschild: ansatz with
B® = b(r)o”

where Ffb is the ug Hodge dual of B%, and we require it to solve vacuum Maxwell.

Beam optics has electrostatic quadrupole focusing
= on average a radial electric field balancing the beam against falling towards the Earth.

E® = e(r)r®

where Ff; = ug o By — ugp Eq, and we require it to solve vacuum Maxwell.

1 — Is
BY = B r _ 99 <+ homogeneous vertical
1 s L2
R R?
a R2 ~Q .
E = F — 7 <+ radial Coulomb
r

\—Total electromagnetic field: F,, :== FE + FE . J
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From Newton equation u.,*Vau,’ = —% F*Cu,, . :

2
B - oM i_rsk?
q R R?

B rs mry 1

with ~ := \/11_? B := w L. Cyclotronic motion over Schwarzschild.

From BMT equations DEw® = -2y (F%¢ — ubuy F€ — Fbduguf) we :
iwb _ (];-b _|_Lb)wc
dt w w C w C w

with Le,%c := —Aw 2 p (FP¢ — wPugF¢ — Fbyg u).

Direct calculation: F,,°. + L,%. = —a F.,",

with g := =24 and a := £32.
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Thomas+ Larmor precession as seen by observer
|7 (woruo”) = (924 6 + @5u")  weuo® T
with

/

1
(I)cIJ,uofb — AO Buo’uw CL(UCCL Buw,uoa?r
Total effect:
ta Q3 4" 0
A L2
—Tq Qf’an = —w(l4+avy)y/1— o)
A L r 1— 2%
9 QS a . - 1 — =2 2 R "
a w,uQ w R R + a’fy 1 — T'_S <_
R
_Sba Qg uoa 0

Total effect on oscillation frequency of (g W wy®)

05 4 — 08

w,uQ

L2 L2 1— 3
walyy|1- 2 L2 L2

R I
R o «— M
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Evaluation

o N

From first order Taylor term of |Q§J,UO — QS,UO| in terms of rg, in ultrarelativistic limit:
_1rs L_2 — 1021
2 R R?

is the relative error, negligible for muon g—2, or any g—2.

But! For EDM, it is not negligible.
For “frozen spin” situation 14+ a~ =0 one has QE,UOG = 0 for Minkowski limit, however:

A

(—0q Q5

w,uQ

Y = 6;;2 ~ 3.3-10"®rad/sec

which is above planned EDM sensitivity limit.

Remark:

For deuterons, a ~ —0.14, and thus 14 a~y = 0 possible, i.e. Q5 @

5 e ]TS:O = 0 possible.

Experimentally, they prefer to freeze longitudinal spin.
Possible for any a, with a combination of ~ + electric field + magnetic field.

. |
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Conclusion

. N

® GR effects are not negligible for EDM or other “frozen spin” experiments.

GR effects are negligible for g—2 experiments.

Planned EDM experiments with sensitivity ~ 10~2° V cm, i.e. of 1 nrad/sec can serve as
GR experiments.

Like microscopic Gravity Probe B experiments.

o |
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