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Bochner's theorem (1929)

Suppose pn(x) € R[x], n € Zxo, with
deg p, = n satisfy
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Suppose pn(x) € R[x], n € Zxo, with
deg p, = n satisfy

d?p
Aa()
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Then Aj(x) € R[x] with deg A; < J.
If, in addition,

/ P (3)Pa(X)W(x)dx = Gmngin,

with w(x) > 0, then (up to x — ax + b)
the pn(x) are classical Hermite, Laguerre or
Jacobi polynomials.




Hermite polynomials

The classical Hermite polynomials

Ln/2]

n_z2 d" —z2 (_1)m n—2m
= (— —_— —nl X J
Hn(z) = (—1)"e 7€ n! mgzo m!(,772m)!(2x)
satisfy
d*H, dH,
2 2z > —2nH,
and

/ Ho(2)Him(2)e % dz = 8om2"nly/T.
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Exceptional orthogonal polynomials

Let S C Z>o be such that |Z>o \ S| < co.

Gomez-Ullate, Kamran and Milson (2010) called p,(x) € R[x], n€ S, a
system of exceptional orthogonal polynomials if the following conditions are
satisfied.

Eigenvalue equation:

d’pn dpn
g T A g+ Ao(x)pn = Enpn(x).

Ax(x)
Orthogonality: i
/a Pa(X) (X)W (X)X = G-

Density: U :=(pn: n € S) is dense in R[], i.e.

(p.pr)=0VneS = p=0.
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Exceptional Hermite polynomials

Let A= (A1,..., A1) be a double partition:

A= p® = (W1, 1, o, o, b ), 20 =1,

and
k=X +1—4, j=1,...,1

Gomez-Ullate, Kamran and Milson (2014) showed that
H)\Yn(Z) = Wr(Hn,Hkl ..... Hk/), HEZEO\{kl,...,k/},
yield a system of exceptional orthogonal polynomials.

In particular,

/_OO Han(2)Ham(z ) ( g = Opmv/T2" n‘H n—k)(n—k—1),

with
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Singular weight functions

Why restrict attention to double partitions?

Crum (1954) and Adler (1994): The Wronskian W5 (z) has no zeros on R iff

A= p® = (B e e ).

Our aim: Obtain a natural interpretation of the polynomials
H)Mn(X) = WI‘(H”, Hkl ..... Hk,)

for all partitions A.
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The simples non-trivial example: A = (1)

The first few polynomials H), = Wr(H,, H1) are

Hi.o(z) =2 degree 1 missing
Huy2(2) = —(2+42%) Haya(z) = —162°

Haya(z) = 12(1 4 42° — 4z*)  Hpys(z) = 642°(5 — 22°)

Eigenvalue equation:

d”Hy.n 1Y\ dHa).n
dz(zl)' -2 (z + *) 2= 21+ n)Hy.

z dz

Orthogonality:

2
e ”
/ H(l),n(z)H(l),m(z)@dz = 6nm2"nl/m2(n — 1),
iE+R

Note: Independent of £ and real quadratic ‘norms’!

§#0.
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Darboux transformations

Harmonic oscillator:

H = —
has eigenfunctions

¥n(2) = Hal(2)e ™™
w/ eigenvalues E, = 2n + 1.

Letting
d p
Dy=———
k= o
we get
. d i d
DiDy=|——F7—— —
KK ( dz Py dz
d2 /"
__72_’_4
dz ’Lﬂk
d? )
:—@ﬂLZ — Ex,
so that

H = DZDk+ Ex.

az e

2

n e Zso,

- ;k)
Y



Darboux transformations

Reversing order,
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Darboux transformations

Reversing order,

(4w (_d Y
Dka*<E w)( dz wk)

I
- d22+¢k 2(¢k)'

gives
. & (7%
= . + E — — == .
Hi = Dk Dy + Ex = d2+Z 2<¢k
Introducing
Wr(n,
Vi i= Dby = M n#k,
P
we obtain

kak,n = Dk(D;Dk + Ek)'(pn = DkH'(,[/n = Enwk,n-



Darboux transformations

In particular,

and

Wr(Ha(2)e %72, Hi(z)e *"/?)

Yrn(2) = Hy(z)e 212
_ Wi(Ha(2). Hi(2)) o2
Hi(z)
—72/2

2z

e
= H).n(2)
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Orthogonality

/;L:_HR H(l),n(Z)H(l),m(Z)(ZT)de = . Y1.0(2)Y1.m(2)dz

= ¥n(2) (DI D1om(2)) dz

iE+R



Orthogonality

/,E+R H(l),n(Z)H(l),m(Z)(ZT)QdZ = P 'Ll)l,n(Z)’(pl,m(Z)dZ

= iHR’ﬁPn(Z)(DfDﬂpm(z))dz

= Yn(2) ([H — E1]Ym(2)) dz

i€+R
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Orthogonality
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iE+R
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Orthogonality

/,E+R H(l),n(Z)H(l),m(Z)(ZT)QdZ = P 'l,bl,n(Z)’(pl,m(Z)dZ

= wn(z)(DfDl'(pm(z))dz

iE+R

= Yn(2) ([H — E1]Ym(2)) dz

IE+R

—o(m-1) /g dnlen(2)d

=2(m— 1)/ H(2)Hm(2)e  dz
= 62" nly/T2(n — 1)



Quasi-invariance

Note that
2
d d e 712
E(Z'Zp]__n) = d (H H1 H Hl) >
= diz(zH,'7 - /—/,7)6_22/2
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Quasi-invariance

Note that
d 722/2
(Z'l,b]__n) = d (H H1 H Hl) >
_d —22/2
= dz(ZH” Hn)e
:z(u‘)efzz/2 =0 at z=0,
i.e.

PYrn(=2) = (=1)¥1.n(2) + 0(2).

More generally, we say that a meromorphic function ¥(z) is quasi-invariant at
z = z w/ multiplicity m; € Zxo if
1. Y(z)(z — z)™ is analytic at z = z,
2. Y(oi(2)) = (—1)"P(z) + o((z — z1)™), 0i(z) = 2z — z (the reflection
w/ respect to z).



Quasi-invariance
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—72/2

2z
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Quasi-invariance

Let
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We have

C(Hayn : n# 1) = Q.



Quasi-invariance

Let
e—22/2
Quy =P EeC[z]:Y(z)=p(z) 57 4~ inv.at z=0w/ mult. 1, .
Proposition
We have
(C<H(1),n n ;é 1) = Q(l).
Proof.

The subspaces have the same codimension in C|[z], since

# degrees missing = 1 = # . — inv. conditions.
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A Hermitian product

Definition
Assuming £ € R\ {0}, we set

_z2

{p,q) = //5+R p(z)a(z)é?dz, p.q € Quy,

where q(z) = q(2).

Lemma
(-, +) does not depend on the value of €.

Proof.

By the residue thm and quasi-invariance, we have

(P q)e = (P, q)—¢ + diz (ZQP(Z)@(Z)(ZZZF)

—z2/2 —72/2
g (o] o]

=(p.q)¢.
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A Hermitian product

Proposition
(-, -) is Hermitian.

Proof.
Introducing

and observing w(z) = w(z), we deduce

(p.a)e = [ plig + X)aE + (i€ + x)ox

= /Rb(flf + x)qg(—i& + x)w(—i€ + x)dx
=(a.p)-¢.

Hence, the assertion follows from the lemma.
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Main result

Theorem
The Exceptional Hermite Polynomials Hy,, n # 1, constitute an orthogonal
basis in Q1) w/ respect to the Hermitian product (-,-). Specifically,

<H(1),nr H(1)|m> = 6nm2"n!ﬁ2(n - 1).

This result generalises to Exceptional Hermite Polynomials labelled by an
arbitrary partition A, see

W. A. Haese-Hill, M. H. & A. P. Veselov (2016): Complex
exceptional orthogonal polynomials and quasi-invariance,
Lett. Math. Phys. 106.
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Can be defined by the Hamiltonian
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The quantum rational (A,—1) Calogero-Moser system

Can be defined by the Hamiltonian

o’ 1
Hn = a7 2 +2m( 1) Z (72,

Zi — Z
j=1 1<j<k<n Y k)

where N € N (particle number) and m > 0 (coupling parameter).

Associated integrable system (n commuting PDOs):

(Olshanetsky & Perelomov (1983), Ujino, Hikami & Wadati (1992), and
others).
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Ap—_1 quasi-invariants

Let m € Zxo.

A polynomial g € C[x] is said to be m-quasi-invariant if

along
zi=2z, V1<i<j<n

Such polynomials form an algebra, denoted Q.

The m € Z>o Calogero-Moser system is algebraically integrable: for each
q € Qm exists PDO

Hqe =q(—i8/8z,...,—i0/0zy) + - -

such that
HZ12+“'+Zf% = Hp, [qu Hp] =0, Vq,p € Qm,

(Chalykh & Veselov (1990)).
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Bilinear forms on Q,,

For g € Qn, let

Lo = An(2) o Hyo An(2) ", An(2)= [] (@ —2)".

1<i<j<n

Canonical:
(g, p) := (Lqp)(0).

‘Hermite-like':

(g.p) ::/ Me_zzdz.

crmn Am(2)?
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A result in progress

Feigin, H. & Veselov: There exists a degree-preserving operator of the form
He: Qm — QOm, g — (F(z,0),q)

such that
(Hq, Hp) = {a. p)

and
S
<L212+~-+zn2 -2 ;Zi82,> Hq = —2(deg q)Hy
whenever g is homogeneous.

The (generating) function F is given by
F(z,w) = ¢(z, w) exp (—w?),

w/ ¢ the so-called (A,—1) rational Baker-Akhiezer function.

The result extends to all Coxeter groups.



Thank Youl



