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Plan of the talk:

1. Algebraic Bethe ansatz for XXX spin chain

2. Classical Ruijsenaars-Schneider model

3. Duality

4. Quantum-quantum version of duality

5. Classical-classical version of duality

6. Further generalizations



Algebraic Bethe ansatz

1. Exchange relations (or RTT- or RLL- relations):

Rl (z,w)(T(2) @ DI @ T(w)) = (I @ T(w))(T(2) ® IR}y (2, w),

Roo/(z,w)Tp(2) Ty (w) = To(w)Tp(z) Rogr (2, w) ,

T is a monodromy matrix — operator-valued matrix in Mat(N,C), and Ry (2, w)
is an invertible matrix from Mat(N, C)®2 with C-valued matrix elements depending
on spectral parameters z, w and the Planck constant n.

Example:
_ [ A(z) B(2)
(=) = ( c(z) D(z) ) ’
where A(z),B(z),C(c), D(z) are some operators.
(1+.1- 0 O 0
0 1 1.0
Rog(z —w) = 0 an 1 0

\ 0o 0 0 141



. O A(z) O B(z)
(T() @ 1) = ( C(z) 0 D(z) 0
0

A(z) 0 B(z) O )
C(z) 0 D(z)

| C(w) Dw) O 0
(e T(w)) = ( 0 0  A(w) B(w)
0 0O C(w) D(w)
Rly(z,w)(T(z) @ DI @ T(w)) = (I ® T(w))(T(2) ® )R}, (z,w), We get 16
commutation relations:
A(w)B(z) =

A(w) B(w) 0 0 )

B(w)A(z) =



1. Exchange relations (or RTT- or RLL- relations):

Rip(z,w)(T(z) @ DI @ T(w)) = (I @ T(w))(T(2) ® R}y (2, w),

Rog(z,w)Tp(2) Ty (w) = To(w)To(z) Rogr (2, w) ,

T is a monodromy matrix — operator-valued matrix in Mat(N,C), and Ry (2, w)
is an invertible matrix from Mat(NV, C)®2 with C-valued matrix elements depending
on spectral parameters z,w and the Planck constant n.

2. The consistency condition for triple product T7(z1)15(2z2)T3(z3) (123—321
in two ways) is the quantum Yang-Baxter equation:

R]5(z12) R{3(213) R15(223) = R35(223)R3(213) R15(212) s zij = 2 — %;
For example, the rational Yang's R-matrix

Ui
zZ— W

Rly(z—w)=I®1+ Pyors Pog=> Ei; QEj;.

1,]



Multiplying RT T-relations by Rgg(z,w) ™!
To(2) Ty (w) = Ry (2, w) ™ 1Ty (w)To(2) Rogr (2, w)
and taking the trace over the auxiliary spaces 0, 0’ we get
[T(2), T(w)] =0
where
T(z) =trT(2).

IS a transfer-matrix. Having an expansion of the form

T(2) =Y (2 — 20)"I
k

we obtain a set of commuting Hamiltonians



P44 4 4 k $ 4 f n
Spin chains: 1

XXX Heisenberg chain

mn
k=1
where the operators o = I® - ®0*®---®1, a = z,y,z and o/, ; = o (closed

chain). The Hilbert spaceis H=V; ® ... @ Vy, For N =2 Vi, &£ C2, dimH = 2".
(1—|— '] 0 0 0 \

Z—W

O 1 M O
Rog(z —w) = n 7Y
o L1 0

To each site we assign the Lax operator Li(z):

I+ 157 Do~
Lk(2)=< n 3 )

! _n__z
20k I — 7o

= Ro(z) € Mat(2,C) ® End(H) & Mat(2,C)®(+1)



_ [ A(z) B(z)
T(z) = ( c(z) D(z) ) ’

where A(z), B(z),C(c),D(z) are some operators, is the product of Lax operators

T(z) = Ln(2)...Lo(2)L1(2).
If L. (z) satisfy the RLL relations

R(z — w) (Lk(z) ® 1) (I ® Lk(w)) — (1 ® Lk(w)) (Lk(z) ® I)R(z —w).

then T'(z) satisfies RLL relations as well.
(in our case it is true Ryy(z—w)Ro(2)Ryr.(w) = Ry (w) Rop(2) Rggr(z—w) )

The Hamiltonians are computed from the tranfer-matrix
T(z) =tr(Lp(z)...Lo(2)L1(2)) = A(z) + D(=).
It can be shown that for t(z) = 2"T(z) the Heisenberg model is reproduced

dt(z)
H=2n dz

t~1(2) —n=2
z

n

Pi 41— n.

NIS

k=1



Generalized spin chain

Inhomogeneous twisted X XX chain:
T(z) =gLn(z —qn)...L1(z —q1),

N
where q1, ...,qn are inhomogeneity parameters and g = > Fgaag9q — (diagonal)
a=1
constant twist matrix. It comes from the symmetry of R-matrix:

R(z — w)(g@g) = (g ®g)R(z —w).

The generating function of commuting integrals of motion (the transfer matrix)
depending on the spectral parameter z being of the form
n 77H'

T(z) = trg (g(o)ﬁon(z —gn) ... Roa(z — ¢2)Ro1(z — Cﬂ)) =trg -1+ Z po—
—1 i

= n X @) ()
(/
Rij(z) =1+-Py;, Pyj= > E E .
< a,b=1
Its residues are non-local Hamiltonians:

—

H, =R;; 1(gi—gi—1) .. - Ri1(¢i—q1)gPRin(gi—aqn) .. R; i1 (i —qi+1)



Idea of the Bethe ansatz

Write down commutation relations:
[T7%(u), T7%(v)] = 0, i k=1,2,

A(w)B(z) = (1 + ;) B(2)A(w) — 2, B(w)A(2)

Z—wW

B(w)A(z) = (1 + Z-)A(z) B(w) — - A(w)B(z)
Recall that the elements of the monodromy matrices act in some Hilbert space
H. In the framework of the algebraic Bethe ansatz, very small requirements are
iImposed on this space. Namely, it is necessary that there exist a vacuum vector
such that (a(z), d(z) below are some C-valued functions)

A(2)]0) = a(2)|0), D(2)[0) = d(2)[0), C(2)]0) = 0.

The vacuum vector for XXX spin chain: all spins up in N = 2 case, i.e.

0)=(3),®®(3),




We look for the eigenvectors of the transfer-matrix ¢ in the form

Y = B(u1)..-B(pn1)[0) , (A(z) + D(2))y = A(z, u)t.

The vacuum vector is the eigenvector for the operators A(z) and D(z), while
the operator C(z) annihilates it. The action of the operator B(z) onto the
vacuum is free. It is assumed that acting with this operator on vacuum we
generate all the space H. The set of parameters puq,..., un,; to be determined —
Bethe roots.

Compute the action of the operator A(z) onto the vector :

A(z)B(u1)..-B(pn1)|0) =

= a(2)A(z|u) B(p1)...B(pny)]0) + 3oL alpr) Ag(zlp) B(2) l7l;[k B(11)]0).
After computing the same for D(z) and summing up we get

T(2) B(1)Bpiny)[0) = (a(2)ACwl) + d@)R(a110) ) Baa)--B(1ny IO}

+ 50 (00N GIR) + dAKE) ) BE) T B0}



Conditions for vanishing of the unwanted terms — Bethe equations:

a(pi) N (zlu) + d(ug) A (z|lp) = 0, k=1,...,m

The generating function of the eigenvalues of transfer-matrix:

A(zlpw) = a(2)NA(z|n) + d(2)A(z|u) .
Example the Bethe equations (BE):

91 4 Ua—Qk+77: ﬁ P — by 1

- 17 7”1
92 .—1 Ha — 4k vEa Hoa — Wy — 7]
The eigenvalues:
1 no_._ ny . _ _
_HZxxx:ng% Qk+77HQZ My 77’ i=1, n,

k£i 9% =1 9iT Hv



Nested Bethe ansatz (n, — number of Bethe roots at a-th level)

(

- N nN_l
- 7 ~ NMN-2
N { ~ 7 ~ 711
123...... n]\;_l ...... ’n,]\;_g ......... n.l ...... 7.1
1 T g T T
\ (o 0,..,0,1)T (0,0,...,1,0) (1,0,...,0,0)

Eigenvalues H,; of Hamiltonians Hj

1H%_CII<:+77HQZ My

% 5

depend on a solution {{N@ }nl,---,{ufv_l}nN_l} of Bethe equations:

2 2
BE; gll—[u@ qk+n_92Hu5 u7+nﬁu5 py =1

_ 2
k=1 M5~ 7;35“6 1y n.=1 P — 13

_ o ug M71‘|‘77_ ph — b +n ol — plt —n
Ey: 9b H 9v+1 H H b ]
=1 & e M T AT S M= ay



Classical Ruijsenaars-Schneider model: H?> = % e*Pi ] _
j=1 k#Ej T

RS N . _
T —aH = €e€pj H q] qk —I_ ve HRS — trLRS
QJ op; . ? )
bi ki q; — 4k
ED; n o .
RS . . veetJ q qk’ —|— VE . Vq
Lz’j ({Qi}na {gi}n, h) = H J — J
% =4 TVE ey 4~ Qi — qj T ve
[ & 42 nds nan
Q—q+n qg—q+n qQ1—qn+1n
n(jl q'2 UCj3 77%
LRSZE QQ_Q1+77 q2—q3—|—77 (]2—qn-|—?7 | = e
5

=1+ 1 G—@+n g—q3+n )




Factorization of the Ruijsenaars-Schneider Lax matrix:

Introduce the diagonal matrices Dg and Dy

K
(Do)ij(ur) = d;5 I (u; —uyg),
k1

K
(Dp)ij(ug) = d;; kg_(uz' —u + h),

ii=1,..., K,
the Vandermonde matrix V;;(ug) = uz-_l, i,7 = 1,...,K, and the triangular
matrix

[ G-vtwd
Y _1’7 —
(O )= 1 G=DIG=)r 7 V(u+exh) = Cp iV (u)
R e — (17'"7 ]-)
0, j>i,




Then the following matrix has all eigenvalues equal to g:
(due to det(L — A\) = det(Cy — N))

I N o —x.+h
J 22—+ ij=1,.,N
Z—QZJ—Fhk;,:] acj—a:k

Lij(xn,9) = "

L(xn:9) = g D " xw) V(e + hiew) (VT) ™ (x) Dp(xen) =

_ —1
=g D, ') VIxw) CF y (VT) 7 () Dp(xy) s ev = (1,..,1)
and similarly for

Log(yar 9) =
api s M ya—yﬂ‘l_h,y#ﬁ Ys — Yy

L(yar9) = 9Do(yar) VY (ya) V(yar — hear) Dot (yar) =

= gDo(yr) V" ym) Conr Vyar) Dot (yar) -



Quantum-classical duality

On the quantum side: consider the inhomogeneous GL(N) generalized spin
chain of XXX type on n sites with inhomogeneity parameters ¢; and vector
representations at each site. Let us impose twisted boundary conditions with the
twist matrix g = diag(g1,...,9n), with the generating function of commuting
integrals of motion (the transfer matrix) depending on the spectral parameter
z being of the form

__ H
T(z) = trg (g(O)Ron(z —gn) ... Roa(z — ¢2)Ro1(z — cn)) =trg -1+ Z —
=1 J

= U () ()
1
Rij(z) =1+ =P;;, Pij= > E,E~ .
< a,b=1
Its residues are (non-local) Hamiltonians

H, =R, 1(gi—gi—1) .- Ri1(¢i—q1)gPRin(gi—an) .. R;1(gi—ig1)



( Ve -\ ~ nN_]_
N ( - % ~ N1
123...... n]\;_l ...... n]\;_g ......... 77:1 ...... 7.?,
00 017 (00 .. 10)7 1.0.....0.0)T
\ ( ) AR 9 ) ( ) AR ) ) ( 9 AR ) )

Eigenvalues H; of Hamiltonians H;

e G—q e @ —pi—n
o S
_Hi:gln : H 71
n 1 qi; — gk _ qi — MKy

depend on a solution {{M}}nl,---,{uﬁv_l}m\;_l} of Bethe equations:

no

. Sy —artn  Fropp—py 0 s — ps -
BEn ng 1 _ _92H 11 H 1_ >

, B=1..n1

Ny

b b-1
pg— pry 1
BEbZ ng B'ub
B

b-1
~

moply =l Ypopp bt —n
=g [| b 11 o 0 P Lem

~
7=1 —H



The claim is that under the substitution:

1. n is the Planck constant

2. positions of RS particles ¢q; are inhomogeneous parameters
3. the velocities are eigenvalues of quantum Hamitonians

: 1 _ .

qj :;H]({Q’L}n7{u’}}nl77{ui\[ 1}nN_1) ) J — 17“'777’7 (1)
where the set of u?'s is any solution of the nested BE for the spin chain, the
eigenvalues of the Lax matrix are

(g1,--- y 915925+ 5925+ ygN-15-+ yIN-1gN »- - 79N>- (2)

7
~" ~"

n—mni n1—mno NN_>—TNN_1 nN-1

I.e.

N
det [LRS <1 {H;} {as} 778) ‘BE | = 1_11(90, —\)Ma, (3)

Ui
where M1 =n—n1, Mg=n4_1—nq (2<a < N)




On the classical side: consider the RS model with coupling constant n and the
number of particles, n, equal to the number of sites of the GL(N) spin chain.
The Lax matrix of the model is n X n:

LES ({sbms {aitnym) = — 14 4
iy ({ditn, {qitn,m) o=+ (4)

Statement: under substitution

. _ 1 g1 N-1 -
q; :;Hj({QZ}fnﬂ{Mz }n17"'7{,u7; }an) ) j=1,...,n,

where the sets {uf} are some solutions of BE, the eigenvalues of Lax matrix
acquire the form:

(g17"- 941,925+ 1925 - - 7gN—17'°° 79N—L73N7"' 79]\L)
n—mn1q n1—no nN—QtnN—l nN-1
GL(Q) (glv"'aglag27"'792/)'

"~

spin down spirT up



Idea of the proof. Let us introduce the following pair of matrices:

gh ij_xk_l_hl]\![ ZCj—ny

Lijzibn, ikar 9) = ’
Y ¢ ¢ ko a:j—a:k ,y:lfl}j—yq/‘l'h

i j=1,. N

. —
and

gh ﬁyﬁ—yw—ﬁN Yz — T
ya—yﬁ_l'hw#ﬁ Yp — Yy ]{;zlyﬁ_wkz—h

LosUyitar {zitn. 9) =

, a,B8=1,...., M

QC-duality is based on algebraic relation between determinants of £ and L:
det (£ ity dibar9) = A) = (9= VY M det (£ (it {oib.9) - A)

For M = O (factorization of the Ruijsenaars Lax matrix)

]\Cflg}:\/'(ﬁ ({xZ}Na {y’i}07 g) — )\) — (g _ )\)N



( n H> n Hs n Hy, \

H1
q1—q2+n q1—q3+n q1—qn+ 7
77H1 H2 T]H3 an
(RS _ 1| @2—at+n ©2—g+n @t
n
n Hy n H> n Hz
H,
\ gn—q1+"M qun—q2+1n gn—q3+n )
n 1
'-—1H»— ik qj —qr +m 161]'—#7—77
qy——g—glﬂ __ H 1

where {4} — solutions of BE. We want to prove that eigenvalues of LR* are

(g1,--- y 91,925+ 5925+ ygN-15-+ yIN-1,gN »- - - 791\5>-

~ ~~

M- Mo ME—l My




1
0 1 n91 Logi—aptn 11 4G —Hy 0
ng) = L ({H Y, {gi}n,n) = 1= 1 ’

n % — 9t Npz; 4G~ =1 9 —Hy

= Liy({gi—n}n: {patni,91),

ny ,1_,1__ n ;1 _
1 ~ n g1 Hg — My — 1) B —qk+m
LY = LogUpdtny {ai—mtng) = 23— T P 11 24

Ha — K3 +n ~v~8 Hp—Hy k=1 Hp 9k

Y

where o, =1,...,n1.
det(L(O) —)) = (g7 — )" " det (L) — ).
nxn n1XNnq

Next, impose the Bethe equations

"Lopg -y T2 opg—pd -

1 ng
t = 2 I1 11

e, wd—phtn iy wp—ud o = w63

; 0576: ooy 11

I.e.,

LD = L0ng—nhny, {13}z, 92)



At the second step we define

2 ~
Lg{ﬁ) :Laﬁ({u’qg}n27{:u’)]/-_n}n1792)a Oé,ﬁz 17'"777’27

and, similarly to the previous step, we use identity and BE to get:

det (L) —)) = (go — N)"17"2 det (LD —)),

n1Xni no Xn2

L3 o = LUuE —nno {13 Ins, 93)

and so on until the last step:

nN—1 N—-1 . N—-1
7 (N-1) _ ngN T Hg — = Hy 41‘77 a,B=1,.. ,nyN1
N_l N_l N_l N_ ) 9 9 coe 9 . .
af BFEnN_ Mo — Hﬁ ‘|‘ n v /LB — My

The latter matrix obeys the equation det (L(N_l) — ) = (gn — \)VN-1 which
NN-1 XM N-1
follows from determinants relation for N =nj_1 and M = 0.



Similar relation between the classical Calogero-Moser and quantum Gaudin
models appears in the limit e — 0 (n = ve). Then

LS — 9 1— 6 1
L(}M lim Y — 523% + v - , Qi =DpiTV Z
e—0 € q; — 4q; ki q; — 4k
()  Hi({gi}n, g = e, en) — enCi”
Z vaBad + Z = |lim 5
J#Z%_q e—0 ne
. N . .
where C%Z) = > HON» P Zab 1E§2)E1§£7L)
a=1
c™Mm (1 G . — —
— (3)1,... y UL, UV2yeee ;UD ... 73)]\7—17"' 7UN—]373)N7"° ,’UM>

n—mni nlj—ns nN_o2—NMN_] nN-1



QC-duality provides an alternative (to the nested Bethe ansatz) method for
computation of spectra of the spin chains. Namely, the spectrum of the quantum
transfer matrix for the inhomogeneous gla-invariant XXX spin chain on n sites
with twisted boundary conditions can be found in terms of velocities of particles
iIn the rational n-body Ruijsenaars-Schneider model. The possible values of
the velocities are to be found from intersection points of two Lagrangian
submanifolds in the phase space of the classical model. One of them is the
Lagrangian hyperplane corresponding to fixed coordinates of all n particles and
the other one is an n-dimensional Lagrangian submanifold obtained by fixing
levels of n classical Hamiltonians in involution. The latter are determined by
eigenvalues of the twist matrix and occupation numbers.

To find the spectrum of chain we need to find velocities of RS particles for
a fixed set of eigenvalues of LRS. The simplest examples show that there are
more solutions then Bethe ansatz provides. It happens because the statement
of QC-duality is valid for all N+ 1 SUSY chains with groups GL(a|b), a+b = N:

GL(N|0),GL(N — 1[1), ..., GL(O|N)



The Bethe ansatz in SUSY case is slightly more complicated, but the statement
is the same for any chain from the set.
Inverse problem: find velocities from fixed set of eigenvalues of the Lax matrix
(i.e. action variables) and coordintes g¢..

nt; M
det ANO; i — \ — «  M.=mn. 1 —
1<e,5<n ( Y —qj + 77) aH ( ga)™ a — Ng—1 — Na

5 -1
Z Hil"'Hid H (1— ! ) :ed({Pj})a

4o )2
1<i1<...<1g<n 1<a<f<d (Qza qzﬁ)

where P; = 3, Mag’;, and e; — elementary symmetric functions. These algebraic
equations describe spectrum of all N 4+ 1 SUSY quantum chains.

Thus, we come to correspondence between classical many-body systems
and the set of spin chains. The desired simplification of the nested Bethe

ansatz is in fact replaced by another problem — untangling of solutions between
different chains.



We have described the quantum-classical duality

What is quantum-quantum version?

And what is classical-classical version?

The quantum-quantum case is the Matsuo-Cherednik type correspondence
between the quantum Knizhnik-Zamolodchikov equations associated with GL(N)
and n-particle quantum Ruijsenaars-Schneider model, with n being not necessarily
equal to N.



dKZ-Ruijsenaars correspondence:

The quantum Knizhnik-Zamolodchikov (gKZ) equations:

¢>:K§h>'<b>, 1=1,...,n

. |
K§ ) = Ry i1 (mi—mi_14+nh) .. . Riy(zi— w1 +1m)g DRy (z—2n) Ry (zi—zi4q)

rl + nP;;
x4+ n ’
Solutions can be found in the form

)= 5 o)

where e, are standard basis vectors in V.= CV = @¥_, Ce, and S, is the
symmetric group.

R;;(x) =

r) = ea(1) @ ¢o(2) @ - © Con)




There is a natural weight decomposition of the Hilbert space of the spin chain:

v=ve® = @ V({M.})
My,...,My

defined by operators

n
Mo =) efd, [Ma,Mp] = [H;,Ma] =0
=1

The basis vectors in V({M,}) are 'J> =ej, ®ej, ®...R®ej,, where the number

of indices j;. such that 5. = a is equal to M, for all a=1,..., N.
Important property:




Statement: Let ‘¢>:Z¢J‘J> be a solution of gKZ in weight subspace
J

V({My}). Then for E = % Magq and
a=1
v=so,=(afe). (a|-x(s

we have

n n . .
Z H i xj—l_nw(wl)"'7:Ei+77h7'--7a7n) :EW(CU]_,...,CCn).
i=1j7i '

The proof is based on the property of Ma, relation R(z) = #R(w) =1+ gP
and <Q|Pij = <§2| From the latter we have

zl +nP;; <Q‘
x4+ n

and therefore, <Q‘K§h) = <Q‘K,§O). Recall that in spin chain we used R(z).

siro= (o



e"ﬁ@%<s2‘cb> = My = <Q‘K§h)‘¢> = <Q‘K§O)‘¢>.

n x. _ x
Therefore, multiplying by [ — Rl
jE YT

i (ﬁ a:i.ib‘j—l-??) MOz, — i

i=1 \jzi Ti %)

and summing over z, we get:

= S {ofe) = S (als)o) = S n(aprf) = (S mn)v

A natural conjecture is that W is the common eigenfunction for all higher

Ruijsenaars Hamiltonians H; with the eigenvalues E, =3, Magfj. It appears to
be true.




Classical-classical version

What is the classical analogue of the KZ equations? The answer: it is the
classical Schlesinger system — non-autonomous version of the Gaudin model.

The Gaudin model:

L(z) =N+ Z ,  N=diag(\1, ..., A\n),
—1 < — 4
The Hamiltonians follow from tr(L2(z)):
. n o tr(StSJ7
H; =tr(S'N) + ) r(5757) , i=1,...,n.
jgz B9
Equations of motion
8151'5]:[ : ]71#]7 atZSZ:_[Sza/\]_Z[ , ]727'—&]
9 — 4 ki 4 — 9k
are written in the Lax form
Si
O, L(z) = [L(z), M;(2)], M;i(z) = —



The Schlesinger system is obtained by replacing time variables with the positions
of marked points g;:

. gi gj . . n gt gk
0y =5 i gsi= e -y RS
gi — 4i iz G — Ok

The equations of motion are equivalent to the monodromy preserving equations

Oq; L(z) — 0:M;(z) = [L(z), M;(2)]

with the same Lax pairs as in Gaudin case.
The quantization of the Gaudin Hamiltonians IS given as follows:

(tr(S%S7) = Y0 554,50, — Sapelper, = Pij)

l . k P..
H,= > Al + Y =9 i=1,. k.
c=1 jijzi 4i T 4j
For the quantum Schlesinger system we have non-stationary Schrodinger equations

(k0 —H) (W)Y =0, i=1,..k.

which are just the KZ equations.



Calogero-Moser model in the form of Gaudin-Schlesinger system:

Consider the Lax matrix of the classical Calogero-Moser model
14
Li; = 6;5p; + (1 = 6;5)———,
q; — qj
and its eigenvalue problem
LV = WA, A=diag(\1,...,\n),

where W — is a matrix of eigenvectors. Introduce "fictitious'"spectral parameter
z through the gauge transformation:

. | — 7. 2% — 1 .. A N1
LZ] — L'ij — LZ] z—q;- — Ly + L’L](Qz — QQ)Z_qj

U()=0E-QL:E-Q) '=L+[LQIz-Q) '1=L-0=-Q) 1
where @) = diag(ql, ...,qn) and O = [Q,L]Z O,L] = I/(l — 52])
L'(z)=L- ) <

a=17% " Ya

, O% — 1/(1 — 5Zj>5a] .

now—loay
'(z)=v1lrRw=A-Y
a=1 < a




In the Schlesinger case the Lax matrix is replaced by the connection L — 0,+ L.
The same gauge transformations results in

noWT 1(9@\1}
0.+ L' =0, + Vv IV =0,+AN—v Z
Z — Qq

where @% =v(l - 57;]')5@]' -+ 52']'5@]'. The Hamiltonians
~ tr(0°0°

Hy = (Lo -y OO0

c£a 9a — dc

Since tr(LO%) = p, and tr(O%O°) = ac + V(1 — bac), We get
v .
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Symplectic form:
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Further generalizations: other root systems for classical models.
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Conditions for coupling constants: gl(gl — Qg2 — goga) = O:

1. By case: g4 =0, g7 = 2¢5.
2. Cp case: g1 = 0.
3. Dp case: g = g4 = 0.



In this cases on the quantum side we deal with open spin chains (with boundaries).
The boundaries are described by reflection equations:
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and the transfer-matrix is

T(u) = tOF(KS_(U)Rm(u —q1)--Ron(u — qn)Kq (u)Ron(u + qn).-Ro1(u + q1)).

Consider K-matrices
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The Gaudin limit of the eigenvalues and Bethe equations are of the form:
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And the Bethe equations are
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The statement of the QC-duality is as follows: Consider the (' Calogero-

Moser Lax matrix (of size 2n x 2n). Plugging HP = ¢; and go = h, g4 =

)7

vV2h(a— ), g1 = 0 we obtain that such matrix has all zero eigenvalues on-shell
Bethe equations:

det(L(0, h,vV2h(a — B)) — \) = A\2".

Similar statements are valid for By and Dy models.
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